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ON THE ¢¥-PRODUCT OF D. H. LEHMER-II 


V. SITARAMAIAH 


Mathematics Department, Pondicherry Engineering College, Pillaichavady 
Pondicherry 605104 


(Received 17 November 1986) 


If F denotes the set of arithemetical functions, we consider the commutative 
ring (F, +, ¥) where ¥ is the modified Lehmer }-product. If L is a non-empty 
subset of positive integers and XY is the characteristic function of L, in this 
Paper, among other things, we investigate the problem of determining neces- 
sary and sufficient conditions for the function X to be the unity of (F, +, 4) 
for some ¥. We show that this is possible if and only if / € L. 


§1. Let F denote the set of all arithmetrical functions and T be a non-empty sub- 
set of Z+ x Z*, where Z° is the set of positive integers. Let ) : T > Z* be a mapping 
satisfying the following : 


(I) For each n € Z*, » (x, ») =n has a finite number of solutions. 
(II) If (x, y) € T, then (y, x) € Tand & (x, y) = ¥ (y, x). 
(III) “(y, z) © T and (x, ¥ (y, z)) © T” if and only if 
“(x, y) € T and (¥ (x, »),z) E T’; ¥ x, 4 ( 2)) 
= wt (d(x, y), z), whenever one of these conditions holds. 
(IV) #% (1,1) = 1 and for each k € Z*, (x, k) = k has a solution. 


(V) Foreachk € Zt, k = max {x € Z*: v(x, y) = k for some y € Z*} 
or equivalently 4 (x, y) > max {x, y}, for all (x, y) € T. 
Let 
Se = {x © Zt: U(x, k) = k} » (1.1) 
and 
i, = min Sx, (1.2) 
for each k € Z*. Also, let 
Game (it k = 1, 2,53, -}- =a 123) 
(VI) Foreachk,n € Z*, the equation (x, k) = nhasa unique solution in 
S ifn = k and no solutions in S ifn # k, 
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If we define the binary operation } on F by 


(f ¥ g) (n) igs =z f(x)gQ) ...(1.4) 


d(x,yy=n 


for everyn € Zt and f,g € F, then we proved, that (7, +, J) is a commutative 
ring with unity X, where X is the characteristic function of the set S given in (1.3). 


Suppose L is a non-empty subset of positive integers and let X be the chnracteri- 
stic function of L. Then the question is: can we find a non-empty subset T © Z* x Zt 
and a function): 7 — Z+ satisfying (I) through (V) such that X is the unity of the 
ring (F, +, 4)? In section 2 (see Remark 2.4) we show that the answer to this question 
is positive if and only if 1 € L. 


In section 3, we show that the unity of (F, +, ¥) must be an integer-valued fun- 
ction and if it is non-negative, then it must be the characteristicfu nction of the set S 
given in (1.3). We also give an example of a ring (F, +, ¥) whose unity assumes nega- 
tive values also (see example 3.1). 


§2. We need the following : 


Lemma 2.1 (cf. Sitaramaiah’, Lemma 2.1)—Suppose ¥ satisfies the condition (I) 
through (IV) of section 1. An arithmetical function g is an identity with respect to JU, 
that is, 


{vg =f, forall f € F, 


if and only if, for any fixed k,n € Zt, 
lifn =< 
= g(i)= | 
{ik)=n 0, ifn k. 


Now we prove : 


Theorem 2.1—Let L bea non-empty subset of positive integers and X be the 
characteristic function of L. Suppose we can find ¢ 4 TC Z*~x Z*+, a function | : T 
> Z* which satisfies the conditions (I) through (V) of § 1, and such that Y is the unity 
of the ring (F, +, ¥). Then there exists a mapping « : Z* > L such that 


(a) L={a(k):k= Lyiae dee 
(b) « (« (k)) = « (k), for all k € Zt+ 
(c) «(k) <k, forallk € Z+. 


Moreover, we have 
(4) (X,Y ET> a(x) =a(y) = a (b (x, y) 


(e) ix = «(k), where ix is given by (1.2). 
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Proor : Since X is the unity of (F, +, 4), using Lemma 2.1, we see that for k, 
n € Z* the equation ¥ (x, kK) = n has a unique solution in Z if n = k and no solutions 
inLifn+~k. So, if k € Z‘, then there exists a unique element « (kK) of L such that 
(a (kK), k) =: k. Hence {a (k): k = 1, 2,3, ...} G Z. Letn € L. We have ¢ (n, « (n)) 
=n, Put k = a(n) so that  (n, kK) = n. Since the equation v(x, k) =n has no 
solution in L if kK # n, we must have k = n. That is,n = «(n) so that Z C {a (k): 
k= 1,2, 3, ....}. Hence (a) follows. 


Since (« (k), k) € Tfor every k € Z*, so is (« (x (k)), « (k)) for any k € Z*. 
Now using the condition (III) of section 1, we get 


k = b(k, « (k)) = (ky (a (A), & (% (K)))) 
= v(b (k, « (kK), « (« (k))) 
= (Kk, « (« (k))). 


Since « (« (k)) € Land ¢ (x, k) = khas a unique solution in L, we must have « (« (k)) 
= « (k). Hence (b) follows. 


Since (x (k), k) = k, (c) follows from the condition (V) of § 1. To prove (d), 
let (x, y) € Tand k = (x, y). Since ¥ satisfies the condition (ID) and (IID) of § 1, we 
must have 


k = v(x, ») = U(x, « ()), ») 
=  (« (x), ¥ (x, y)) 
= (a (x), k). 
Hence « (x) = « (k). Similarly « (y) = « (). 
Therefore, « (x) = «(y) = « (v (x, )). 
Finally, by (d) we have 
S, = {x:0 (x, k) = k} = (x: 4,4) = k 
a (x) = « (k)}. 
Clearly « (k) € S, andifx€ S,, then by (c), « (kK) = @ (xia x. 
Thus « (k) = min S;. Hence (e) follows. 
Remark 2.1 : From (c) and (a) of Theorem 2.1 we have «(1) = land! e€ ZL. 
Theorem 2.2—Let L = {a (k): k = 1, 2, 3, ...} where (i) « (k) < kand (ii) « (@ 
(k)) = «(k), for allk € Z*. Leté ATC {(%, EZ" x Zh (x) = « (y)} and u: 
T - Z* satisfy the conditions (I) through (V) of § 1. If (k, « (k)) ET for every kKEZ 


and wt) (k, « (k)) = k, then the corresponding ring (F, +,'») has the unity X, where X is 
the characteristic function of L. 
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Proor: By hypothesis, 4 (a (k), k) = & and if y (« (r), k) ik then a (« (r)) 
= a (k) so that a (r) = « (k). Hence (x, k) = k has a unique solution in L. If k An 
and ¢ (a (r), k) =n, then we must have « (a (r)) = « (k) or « (r) ss (k). But then 
v (a (r), k) = v (« (kK), k) = kK An. Hence wb (x, k) = nhas no solutions in ZL. There- 
fore, Y is the unity of (F, +, ¥). 


Corallary 2.1—Let L = {a (k): k = 1, 2, 3, ...}, where « : Z*+ — Zt is a mapp- 
ing satisfying 
a (a (k)) = «a (k) ste 
and 
a (k) < k 22) 


for each k € Zt. Let T = {(x, y): Zt x Zt: a(x) = a(y)} andy: T > Z* be de- 
fined by (x, y) = max {x,y}. If the binary operation ¥ is as given in (1.4), then the 
triple (F, +, ¥) isa commutative ring with unity X¥, where Xis the characteristic 
function of L. 


PRooF : It is easy to verify that T and ¢ satisfy the hypothesis of Theorem 2.2. 
Hence Corollary 2.1 follows : 


Remark 2.2: Let L = {a (k): k = 1, 2, ...}, where « (k) < k and « (« (k)) = « 
(k), for all k € Z*. Let X be the characteristic function of Z and T = {(x, y) € Z* 
x Zt: « (x) = «(y)}. Let DV: T — Zt be defined by (x, y) = [x, y] = The least 
common multiple of x and y. If v satisfies the conditions (I) through (V) of § 1 and 
the triple (F, +, /) has X as the unity, then by (e) of Theorem 2.1 we must have « (k) 
= min {x € Zt: ) (x, k) = k} = min {x € Z?: [x, k] = k, « (x) = @ (k)}, which 
implies that « (k)|k. Also, by (d) of Theorem 2.1,(x,») E€ T> « (x) = «(y) 
= a(b (x, y)) = « ([x, y]). That is, « (x) = a (y) > a (x) = « ([x, y]). Conversely, 
if T = {(x,y) € Z*+ x Z*+: a(x) = « (y)} where (i) « (k) | k (ii) « (a (k)) = « (k), for 
all kK € Z+ and (iii) « (x) = «(y) > a(x) = a([x, y]), then’: T > Z* defined by 
v (x, y) = [x, y], satisfies the conditions (I) through (¥V) of section 1. Hence using 


Theorem 2.2, we find that (F, +, /) is a commutative ring with unity XY, where X is the 
characteristic function of the set {a (k); k = 1, 2, 3, ...}. 


Remark 2.3 : Let y (1) = 1 and for k > 1, y (k) = the product of distinct prime 
factors of k, Then clearly y (k) | k and y (y(k)) = y (kK) for alk € Z*. If L = {(x, 
y)€ Z* X Zt: y (x) = y (y)}, then by taking « (k) = y (k) for all k, from Corollary 
2.1 and Remark 2.2, we see that (F, +, t:) and (F, +, b,) are commutative rings with 
unity = The characteristic function of {y (k) = k = 1, 2,3 ...} = The characteristic 
function of the square free integers = |» |, being the Mdbius function, where v, 


(x,y) = max {x, y} and wb. (x, ¥) = [x, y], for all (x, y)€ T. These two examples 
have already been discussed (see Examples 3.10 and 3.11 of Sitramaiah'). 
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Remark 2.4: Let L be a nonempty set of positive integers. If | & L, by 
Remark 2.1, it is not possible to find a function Y which satisfies the con- 
ditions (I) through (V) of section ! such that the characteristic function of L 
is the unity of the ring (F,+,¥). If 1 © Land L = {a (k): k = 1, 2, ...,} where 
“a: Z* — Zt isa mapping satisfying « (a(k)) = « (k) and « (k) < k for all k € Zt 
then Corollary 2.1 shows that it is possible to find a function satisfying the condi- 
tions (I) through (V) such that the commutative ring (F, +, J) has the unity X, where 
X is the characteristic function of Z. If 1 € L, we can always find «: Z*+ > L satis- 
fying « (a (k)) = «a (k) and « (k) < k forall k € Z*. For, first we assume that L is 
finite, say L = {x,, x),...x,} with 1 = x, < x,<... < x,. Let us define « : Z+ > L by 
a (x) = x,, ifx = xj, and 1 <j €n, « (x) =X, ifx,;< x < x44,,1, Sf Gn—1 
and « (x) = x,,ifx > x,, If | © Land Z is an infinite set of positive integers we 
can always write L = {x,, x, ...}, where x; = | and XP Xyper, ory =" 12333; 2, we 
may define « : Z+ > L by « (x) = x,, if x = x, and a (x) = x, if x7 < x < Xr41, for 
some positive integer r. In both the cases, it is clear that « (« (k)) = « (k) and « (k) <k 
for all k € Z*. Thus if 1 € L, by corollary 2.1, it is always possible to find a | such 
that (F, +, )is a commutative ring with unity Y, where Xis the characteristic 
function of L. 


Remark 2.5: In all the examples discussed in section 3 of Sitaramaiah’, the cor- 
responding rings (F, +, /) have a unity which is a multiplicative function (f € Fis 
said to be multiplicative if f 3¢ 0 and f(mn) = f (m) f(n) whenever m and n relatively 
prime integers). It is easy to give examples of commutative rings (F, +, ¥) whose unity 
need not be multiplicatative. For example, if L = {1, 2, 3}, and the ring (F, +, ¥) is 
such that its unity is the characteristic function X of Z, then clearly X is not multtpli- 
cative since X (6) = 0 # X (2) X (3) = 1. Of course, if X is the characteristic function 
of a non-empty set of positive integers Z, then X is multiplicative if and only if Z isa 
multiplicative set (that is, if m and 7 are relatively prime, then mn € L if and only if 
m€ Landne L). 

Remark 2.6: We observe that if L = {a (k): k = 1, 2, ...}, where (i) « (kK) < k 
(ii) « (a (k)) = « (k), for all kK € Zt and « is multiplicative, then Z is a multiplicative 
set (so the characteristic function of L is multiplicative). To see this, let m and n be re- 
latively prime. If m,n € L, then «(m) = m anda (n) =n. Since @ is multiplicative, 
a (mn) = «(m)«(n) = mn, so that mn € L. Conversely, if mn € L, then mn = « 
(mn) = « (m) « (n); since « (m) < manda(n) <n, We must have « (m) = m and 
a(n) =n. So: m,n € L. 

Remark 2.7 : Im all the examples discussed in section 3 of Sitaramaih* in the cor- 
responding rings (F, +, ¥), ix | k for all kK EZ*, where ix is given by (1.2). It is easy to 
contruct an example of a ring (F, +, ¥)in which ix } k for some k € Z*. For example, 
if L = {1,2,4}, and « (1) = 1, « (2) = 2, « (3) = 2,4 (4) = 4 and a (k) = k for k>4, 
then by corollary 2.1 and Theorem 2.1, we can find (F, +, ¥) in which ix = « (k) for 
all k. Clearly, is = 2 } 3. 
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Remark 2.8 : A divisor d of a positive integer n is called au nitarydivisor if d and 
nid are relatively prime, 7 is called a square-free if p? } 1 for any prime p. A divisor d 
of nis called a square-free unitary divisor of n, if d is both square-free and a unitary 
divisor of n. Let y* (n) denote the largest square-free unitary divisor of n. Clearly, 
y* (1) = 1 and y* is multiplicative. Also for any prime p and any positive integer m, 


we have 
laf m 222 ; 
ve (ph) | wes.) 
, pe; nan = 1 
It is easy to see that y* (m) | m and y* (y* (m)) = y* (m), for allm € Z*. Wecan 


write any positive integer m uniquely as m =y* (m) a* (m), where a* (m) = m/y* (m). 
We note that »* (m) and a* (m) are relatively prime and p | a* (m) implies that p? | a* 
(m) for any prime p. Hence from (2.1), it can be easily shown that y* (a* (m) a* (n)) 
= | for any m,n € Z*. Also, if y* (m) = y* (n), then y* (m) = y* ({m, n]). Let T, 
= {(x%, y) © Zt x Zt: y* (x) = y* (Y)}, tn (x, vy) = max {x, y} and 4, (x, y) = 
[x, y], for all (x, y) € Ty. From Corollary 2.1 and Remark 2.2, we get that the 
triples (F, +, 4.) = Fu, and (F, +, ¥.) = Fy, are commutative rings whose unity is 
the characteristic function of {y* (k): kK = 1, 2, ...} (= The set of square-free integers) 
so that the unity is | » |. From Theorem 2.2 of Sitaramaiah! follows that f € Fy, is 
invertible if and only if = f(x) ~ O for all k and f € Fy, is invertible if 
xSk 
y* (x) = y* (k) 
and only if & aed + 0 for all k. 
x 
y8(x) = y*(k) 
In the following example we shall define another function Y on the domain T,. 
Example 2.1—We define | : T, > Z* by, w(x, y) = xa* (). 
If y* (x) = y*(y), then  (y, x) = ya* (x) = y* (») a* (y) a* (x) 
= * (x) a* (x) a* (y) 
= xa* (y) 
b (x, y). 


Clearly, } (x, y) > max {x,y}, for all (x, ¥) © Ty. Also, ¥ (1, 1) = 1 and  (y* 
»J Ss ec 92 D ’ > aa € ¥ k), k) 
= y* (k) a* (k) = k, for all k € Zt. 


We assume that (y, z) € T, and (x, b (y, z)) € Ty. So we h = 
: . 2 ; ave y*(y) = y* (z 
and y* (x) = y* (¢ (y, z)). ; ik 


Also, 
¥* (4 (0, z)) = ¥* (ya* (z)) = y* (y* (¥) a* (y) a* (z)) 
= r* (y* (») y* (a* (y) a* (2) 
me ays (¥): 
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since y* (y) = ;* (z) implies that a* (y) a* (z) is relatively prime to y* (y). Thus we 
have y* (x) = y*(y)=y* (z). Hence (x, y) E T,. 


Also, since i (Y (x, 9) = y* @), (U(x, »), 2) E Ty. Thus (x, ») € Ty and ( (x, y), 
2) E T,. Similarly we can show that the statement” “(x. y) € T, and (v (x, y), z) € 
T,,” implies the statement ‘“(y, z) € T, and (x,  (y, z)) € 7,”’. 


If (¥, z) € T, and (x, ¥ (y, z)) © Ty, then by the definition of v we have 
¥ (x, 4 (¥, 2)) = ¥(Y (y, z), x) 

Y (y, 2) a* (x) 

= ya* (z) a® (x) 


= xya* (z)/y* (x). 


I 


I 


Similarly, 


p (v (x, 9), 2) = v (x, y) a* (z) 
xa* (y) a* (z) 
xya* (z)/y* (y) 


xya* (z)/y* (x). 


I 


I 


Since y* (x) = +* (y). 


Thus we have verified that ¥ satisfies ull the conditions (I) through (V) of Section 1. 
Hence by Theorem 2.2, we get that (F, +, /) is a commutative ring whose unity is the 
charateristic function of the set {y* (k): k = 1, 2, ...} that is, | 1 |. Finally we note 
that for (x, k) € T,,, 


(x, k) = k = xa* (kK) =k 
<> xX = ka* (k) 
<> x = y* (k). 


Hence by Theorem 2.2 of Sitaramaiah’, / is invertible in this ring if and only if, f (y* 
(k)) ~ 0 for all k or equivalently f vanishes nowhere on the set of square-free integers. 


§3. Throughout the following we assume that the function w satisfies the condi- 
tion (I) through (V) of Section |. Suppose that the corresponding ring (F, +, /) has an 
identity say g. If S% and i, are as given in (1.1) and (1.2), forx € Six, (x, ik) € T = 
the domain of #, and w (x, ix) = ix. Since (k, ix) € T, by (III) of § 1, (x, %) © T and 
(k, wb (x, ix)) = (k, ix) © Timply that (x, k) € Tand k = b ( (x, ix) = v (x, (ix, &)) 
= w (x, b (1, k)) = (x, k), so that x € S,. Hence ik <x. Since ¥ (x, ix) = ix, by 
(V) of section 1, x < i so that x = ix. Hence S;, ={ix}. So, by Lemma 2.1 
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i= ZS g(x) =8 (ix). 
xESi, 
We wish to point out that 8 (x) is an integer for any x € Zt. This is clear for 
x = 1 since i, = 1. We assume that g (x) is an integer for! <x <r. Ifr =i,, then 
g(r) = 1. So, we may assume that r =< i,. Again by Lemma 2.1. 


0= ST gWM=—e(r)+ =F 8B) 
d(x, ipd=r A(X, igJ=F 
Goa 


from which it follows that g (r) is an integer. Thus we have proved the following : 
Theorem 3.1—If g is the unity of the ring (F, +, ), then g is integer-valued and 
g (ix) = 1 forallk € Z* where ix is defined by (1.2). 
If g (x) > O tor all x € Z*, we can prove the following : 


Theorem 3.2—If g is the unity of the ring (F, +, ¥) and g (x) > 0 for all xE Z*, 
then g is the characteristic function of the set S given in (1.3). 


Proor : We show that the equation ¥ (x, k) = n has a unique solution in S if 
k = nand no solutions in S if k <n. It would then follow that the characteristic 
function X of S is the unity of (F, +, ¥). Hence g = X. By Lemma 2.1] and Theorem 
3.1 


l= 3S gtx)=gslix) + 2 gs(x)Hl1+ 2 Bg (x), 
xES, xES;, xES; 
xfix xFix 
so that ne g(x) = 0. Since g is non negative, we conclude that 
” 
aE 
g (x) = Ofor all x € S, and x F ix. Brosh) 


If v (i, kK) = k for some i, € S, then i, € S, and since by Theorem 3.1, g (i-) = 1, 
(3.1) implies that i, = i,. Hence the equation (x, kK) = k has a unique solution in S. 


If k + n, by Lemma oY ; g(x) = 0 and the non negativity of g implies that 
¢(x,k)=n 

g (x) = 0 for all x such that ¢ (x, k) =n. By Theorem 3.1,g(x) = lfor xE€ S. 

sees the equation (x, k) = n has no solutions in S if k ~ n. Hence the theorem 

ollows. 


In all the examples given in section 3 of Sitaramaiah', the unity of each of the 


rings assumes the values 0 or |. Below we give an example of a ring (F, +, %) whose 
unity assumes negative values also. 


Example 3.1—Let 1 < a, < a, < ag be integers and L = {a,, a,, as}. We put 


2 , . > Ly Let j = L a J 
lL, = ¢. We define) : T > Z* as follows : 1 U.Z,. +Clearlys LZ, 9 
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On L,, we define | (k, k) = k; on L,, we define | by 
Y (4, a,) = a1, Y (4,, 42) = a2, U (5, a3) = as, 
v (a,, @2) = Y (a,, a3) = (ao, a3) = As, 
and 
Y (x, ¥) = ¥(, x) for (x, y) © Ly. 


It is clear that ) satisfies the conditions (I), (LIL), ([V) and (V) of section 1. Only 
the verification of (II) is non-trivial. We observe that for (y,z) € T,(»,z) € Li if 
and only if ¢(y,z) € LZ. Therefore, (y, z) € Tand (x, - (y, z)) € T imply that 
either “(y, z) € L, and (x, J (y, z)) € Li” or “(y, z) € L, and (x, b (, z)) € L,”. 
From this observation, the verification of the equivalence of the statements “‘(y, z) € T 
and (x,  (y, z)) € T” and “(x, y) © T and (¢ (x, y), z) € T” is not difficult. We now 
show that (x,  (y, z)) = v (v (x, y), z), whenever (y, z) € T and (x,  (y, z)) € T. If 
(y, z) € Lz and (x, ¥(y, z)) € Ly it is trivial to see that 4 (x, v (y, z)) = b (U(x, Y), 2). 
So we assume that (y,z) € ZL, and (x, ¥(y, z)) € Li. So, U (vy, z) EC Land x € L. We 
distinguish the following cases : 


Case 1: b(y, z) = a,. So, y = z = a,. Therefore, 


a,, if x = a, 
b%90,2) =4,4) = { 


ds, if X == Oy OF as. 


Also, 
a, ifx =a, 
HORI =H Oana) = {ri 
Case 2: U(y,z) = a. > Y = Z = Gy. We have 
az, if xX = a, OF as 
Lodo) =a) ={ 


ae, if x= as. 


Also, 


a3, if x = a, or a, 


U (L(x, Y), 2) = ¥(Y (%, @), a) = | 


ay, if X = ap. 
Case 3: v(y, Zz) = as. We have 
(x, ¥ (Y, 2)) = Y (x, a3) = as. 
If z = as, then & (v(x, y), z) = ¥ (b (%, y) =a. 
If z = az, then b (y, z) = 43 implies that y = a1 or 43 and so, 


b (U(x, y), Z) = ¥ (b (x, ¥), 22) = 4, since for 
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y = a, or as, Y (x, y) = a, or 43. 

If z = a,, then} (y, z) = a, implies that y = 4» OF ds and so 
U(x, Y) = a2 OF as. Hence 
bY (x, ¥),2) = 4 (YO 9) a1) = 4. 


Thus in all the cases, ¥ (x, ¥ (), z)) = v (v(x, ¥), 2) and hence ) satisfies the condition 
(Il) of section 1. Now, we define the arithmetical function g by 


A 1 if ks as 
g ( es ag ee eats 


We wish to prove that g is the unity of the ring (F, +, ¥) by using Lemma 2.1. By the 
definition of ¥, we have 
{k}, if kk # as 


S, = 
{a, de, as}, if k = as. 


Therefore, for any k € Z*, by the definition of g, 


= g(x) = 1. 
xES, 


Let k,n © Ztandk +n. If k # a, a or as. (x, k) € T= (x, kK) EL2 eo X= he 
wb (x, k) = k and hence v (x, k) = 1 has no solution at all. 
Hence 
x g(x) = empty sum = 0 
y(x,k=n : Pee 
Suppose k = a, or a2 or a3. Then (x, k) € T = (x, k) € Ly. 
<> U (x, kK) = a, or a, or 4s. 
Hence - (x, kK) = n implies that n = a, or a, OF @3, 
and k < n. Since k ~ n, we have k < n. 


Ifn = a, and k = a,, then 


& g(x) = vee td 
xe 
If nis and k = a, then 
x y= = 
Teeree eet as @) * 8 (a3) ty g (a3) =z=il1-—l=0 
Ifn = a, and k = a,, then hee 
* & (x) = > he 
VUx,)=n () Tepe (x) wat (a1) 8 (a3) =!]—]= 0, 


xseL 


Hence by Lemma 2.1, it follows that g is the unity of the ring (F, +, ¥). 
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The present paper concerns a study of generalized Frobenius partitions with 
some restrictions on its parts. In particular, representations of the generating 
functions of these functions in terms of multidimensional theta functions and 
as sums of infinite products are obtained. 


1. INTRODUCTION 


A generalized Frobenius partition defined by Andrews? or simply an F-partition 
of a positive integer n is a two-rowed array of non-negative integers 


ue paid - Gp ) 
b, see b, 

r 
where each row is arranged in non-increasing order and n =r -+ zo (a; + bh). 
Anderws? considers the two functions ¢x (n) and c$x (n), where ¢% (n) is the number of 
those F-partitions of 1 in which the parts repeat at most k times and c¢, (n) is the num- 
ber of F-partitions of n in which the parts are distinct and are coloured with k given 


colours. We‘ have introduced the function c¢x,, (n) which enumerates those F-partitions 
of n in which each part is repeated at most / times and is coloured with k given colours, 


Let ax, (n) (i < k) denote the k-coloured (say, r,, ..., rx) F-partitions of in 
which there are no odd parts of some i colours, say r,, -.., in the top row and no 
even parts of ri, ..., r,in the bottom row. Let Ax, (q) denote the generating function 


of ax,; (n) so that 
co 
Axi (q) = =~ ax,1 (n) q”. 


For example, the F-partitions enumerated by @,,, (1) are 
( 0; \ ( 0» 
G0, 


while those enumerated by a,,, (2) are 


eee) (1. ) 
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and 
As, (4) = 1a og 8q° + 16q* + 264° + ..-. 


The F-partitions enumerated by 43,, (1) are 


GSE siwieienall | 


while those enumerated by 4s,, (2) are 
EOCIGIGIGICGIED 
i) 1, ry 9 0, ls lL 
CECICIC IEICE) 
03 l; ls l, —-603 02 03 0, 


As;,, (9) = 1 + 6q + 16q* + 429° + .... 


and 


Similarly, 
As,2 (q) = 1 +3q + 10g? + 18q* + .... 


Andrews? has obtained the representations of the generating functions ¢«(q) of 
$x (n) and Cd, (9) of cd (n) in terms of multidimensional theta functions. The object 
of this paper is to obtain the analog of this result for the generating function Ax,i (4) 
and also to indicate a procedure to express A;,,;(q) asa sum of infinite products. 
Andrews*® (Chapter 7) in fact suggests the study of generalised Frobenius partitions 
with restrictions on its parts. Asan example he considers the function a,,; (n) = a(n) 
and obtains the representation (4) (obtained in Section 2 of this paper) for the generat- 


ing function of a(n). This has motivated us to generalise and obtain the results of 
this paper. 


2. REPRESENTATIONS OF Ax,1 (q) 
Theorem 1—For | q| < 1, 


. 1 
oe (9) 7 SM EI, 2 yy qee ss ake .(1) 
(Moo (93 9°) 


m os. ™m —_ 
ig) paket. a 


where for complex numbers a and 9; (Do = (4 go = Il (1 — aq") 
a0 ; 


= : k- 
(4)4 = (4) co [(49*)cc , for k any integer and (a). = I (1 —- aq") for a positive integer 
n==0 


k and 
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k-i 
Q’ (m, ..., Mea) = 4 > (3m* gt ict) 2m, 
{=1 
ut a ie le Me a »: m,m,'. ete) 


I<j<j'<k—]1 
Proor : From the General Principle of Andrews? it follows that Ax,i (q) is the 
constant term in 


oo 
uw (1 + zany (1 -}- zq**-?)! (1 + et gos het (1 a. z-1 gt)! 


| co 
> Hoes 
ta tm, 
$55.5 —— 
i apt co 





Qs (qe 


+1 54 2 eee 2 
ia jor gine ("7 ie ) coer + ee 
q 


on using Jacobi’s triple product identity 


co 2 
WF = (43 Foo (— 925 Foo (— 42759 "Noo svat) 


for|g|< !andz +0. The rest of the proof is similar to the proof of Theorem 5.1 
of Andrews’. 


Remark |: Wheni = k, we get 


1 io.e) 
Aksk (q) a ae xs es ed add Ser 
2. 2 
(q > q pe eee rs oe 
kaj f 
where Q (m, ..., mk-1) = Umi + >» mm, Using Theorem 5.2 of 
f—1 1<i<jsk—1 


Andrews? we find Ax, (q) = C¢x (q”). 
Remark 2: From the definition of a,,; (n) it is clear that 
Akysk- (N) < Akko (nN) < ... < ays, (n) < cx (n). 
Corollary 1—For|q]| <1, 
= (—1)"q™ 


n="—0O 


(9° 9*)oo ee Cre ...(4) 


Aoy1 (q) — 2 
(2 (—93:9) 0 (Vx 
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(9; q°) c (9's 4°) c 





As, (q) —— : A 
(Veo (973.9 oo 
x [(—4® geo (- 973 "oo (— 93 Woo (— 9% q* oo 
+ g? (—G"s g'8)oo (- 93 goo (— 9's Foo (— 735 q*)oo 
+ gi (—G'8s G9) co (— 973s Too (= 49°5 Poo (— 9s "Doo |. 
iS) 
(—9"; 97)26(—9'5 Yoo 
A3,. (q) = OnE One 
x (4: q8)oo (-9°s Goo (— 95 WN 
+ 24? (—9"s q®)oo (—9775 Goo (—9's 9)eo I: .. (6) 


Proor : From (1) we get 


an (3m? +m )i2 
q 
AQ) = aa 
2 (@) (Q)oo (9°; 9*)oc 
=-— 0 

3. gi —g*: q —q; q 4 

ee eS To ao reo (Tee Peo (Fi Wee q oe , on using (3) 
(G5 Goo 
= (Neo (—9s Pec 

The second part of (4) follows by observing that 


co 


> (— 1)" g**" = (4% 9%)oo (g® @°), 


n=—0o 


(9° 2 )o0 (93 9% )oo 

3. 73 
a te ; using eqn. (1.2.5) (Andrews'). 
> io) 


To prove (5), we have from (1) 


| 00 same im aa tm tam m,)/2 
As,, (q) = ~——_——_____ q 
2 9 9 
(9) oo (G23: o as eee 
snake (equation continued on p. 15) 
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tel helt ern 
(932 (97s q*)eo 


(15m2 +m_)/2 3 ppt Fre 2 
- oo q “SY p! . q! (m+ m) m, 2m] / 
ae m =-00 
- 00 qiisas + Lim)? fore) Siicese tiie sa jiie 
+ q° OT oad Viger tts atest 
m —=—0O m —=—0O 
1 2 
0° gram" +21m_)/2 oo q [3(m +21 )?+9(m, + 2m, )] /2 
+ q? > 1 2 2 


n— o m=—00 


(after grouping separately terms with m, = 0, 1, 2 (mod 3) and rearranging). 


If we now change m, — 2m, and use (3), we get (5). 
To prove (6) we consider 


co (8m2 +m +4m2 +4m m )/2 
] 1 1 2 1 2 
A sy (q) aa 7 q 


(Deo (9°; 7h os Bee rage: 


I ' x 2(m +m )2 
== | SS q > re. > 


(Deo (4: 92)3. m =—00 ieee 


fore) 4m2 tom, fora) U 
Je q° >> q 1 > Genre ie a 
1d Tac each 


(after grouping separately terms with m, even and m, odd and rearranging). 
Changing m, m, to m, — m, and using (3), we obtain (6). 


From (4) it immediately follows that 
0 (mod 2) ifn is odd 
pee a fe (4 ) (mod 2) if n is even. aD 
Also from (4) we see that 


‘dy,, (n) is the number of ordinary partitions of n into two coloured parts (say red and 
blue) with no parts = 3 (mod 6) and no blue parts divisible by 6’. .. (8) 


Again from (4) we find that 
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‘ay,, (n) is the number of two coloured partitions in which no red part appears more 
than twice and no blue part is congruent to 3 (mod 6)’. aot) 


It would be interesting to obtain combinatorial proofs of (7), (8) and (9). 
In a recent paper we‘ have proved the following lemma. 


Lemma—For a > 0, aj, ..., @x-1 integers and | q | < 1, the series 


k-1 kal 
o{ Sn + = ny ny ) + Sain 
tie 1<i<j<k—1 ral 


can be expressed as a sum of 2*~* 3*-* 4*-4 _.. (k — 1) infinite products. 
Making use of this lemma we now prove the following theorem. 


Theorem 2—For any k and i, Ax; (q) can be expressed as a sum of infinite 


products. 


Since the proof of Theorem 2 is almost similar to the proof of the above lemma, 
we only give a sketch. If i = k, then Ax,x (gq) = C¢x (q’) is a sum of infinite products 
by the lemma. The cases k = 2,i = 1 and k = 3, i = 1 or 2 have been considered 
in Corollary I. Now for k > 3 andi < &, first we group separately terms with m,, 
.++y Mz-2 even and odd in the right hand side of (1) and use (3). Then we group terms 
with m,,..., m3 = 0,1,2 (mod 3) and again use (3). Proceeding like this we can 
express (in at most kK —2 steps) the series on the right hand side of (1) as a sum of 
infinite products. 
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Several general fixed point theorems are given for (quasi) metric spaces and 


0 


normed linear spaces. The convergence of a sequence {xn} ,» given by 


some iteration process, to a fixed point of a mapping T is the underlying 
theme. 


1. INTRODUCTION 


Let T: X — X where (X¥, d) isa complete metric space. This paper considers 
two questions. 


(1) When does T have a fixed point ? 
(2) When does a sequence {x,}°2,, given by some iteration process, converge 


to a fixed point of T? 


It will be shown that much of the theory for generalized contractions involves the 


following three conditions, where {x*,, } is also a sequence in ¥. 
(a) lim d(x,, x*,,) = 0. 


0 | - 
(b) 2% 7 A Kaye gy) O°. 


r=) 
4 * 
(0) Ed (in xt) < ©. 


; 2 ae MSs eee 2S 
Some special cases we have in mind are: X,,, = Xntis n+: = Lites ais Xn41 


oe 
= Tx,, and x*,, = (1 — aq) Xn, + %q Txn. Even when x*,, = 7x,, one would not 


expect the conditions to give any information about the questions unless the iteration 
process which generates {x,} involves T in some way. The following two examples 


illustrate this. 
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ioe) 
Example 1\—Tx = x for x areal number. Then z= d(x,, Tx,) = 0 for any 


sequence {x,}. If x, =", the sequence {x,} does not converge, but every x is a fixed 
point of T. 
Let 


l 
Example 2 —Tx = x + : for x € [I], o). Then d(x,, Tx,) = ae 


Co 
x, =n forn = l. Now > d(x, Tx,) =" 3 es < co but 7 has no fixed point. 
n=) 


n=) MM 


Also, d (7x, Ty) < d(x, y) for x # y. 


Example 3—This example shows that even when the iteration process involves a 
continuous 7, condition (c) may not imply T has a fixed point. Let B denote the unit 
ball in the sequence space cp and set T ((xi, Xo, X3,...)) = (1, X1, X2, X3,...). [Tx — Ty|| 


= ||\x — y|| and T has no fixed point. Let x,4, = (1 -- x) Xa t 4 Tx, forn=l. 


l ye a 
Now |x, — Xn4ill = 9° Xn — Txqll S >> implies 2 Xu, —: Xs41ll <— -€°. 


Remarks : Assume T is continuous. 


(1) If x, > p = Tp, lim d (x,, Tx,) = 0. Moreover, this condition is not 
N-> oo 


sufficient. That is,if lim d(y,, Ty,) = 0, T may not have a fixed point. 


N-> oo 


(2) If {x,} has a convergent subsequence {Xn} with lim Xn, = 4; then Tq = q 


. . . i->oo 
if and only if lim d (Tx, , Xn) = 0 [Hicks*, Theorem 1]. 
n->oo : 
(3) The following considers condition (c) when Nei ie) Ne ee DLO 


co 
some x in X, 2 d(T"x, T"*) x) < co (or equivalently, there exists some ¢: XY 


> [0, 1] such that d(y, Ty) < 6 (y) — ¢ (Ty) for every y © {Tx, T?x, T*x,...}), then: 
Xavi = T"xX > Mon Tp and you have d(T" x, p) < d(x) where ¢ (x) reduces to the 
Banach error estimate when T is a generalized contraction {Bollenbacher and Hicks!, 


Theorem 3]. This includes many generalizations of Banach’s fixed point theorem. 
See Bollenbacher and Hicks’. 


(4) T has a fixed point if and only if there exists x in XY with 55 MC Bb oP Bone 
n=0 


<— 


< co, The sufficiency follows from Remark 3 and the necessity is obvious. 


PAGEL pad UN: following definitions will be needed in this paper. Suppose 
(xX, *) Is a topological space. A function f: Y > Ris ‘lower semicontinuous’ if and 
only if for each real number a, f~™ (a, ee) is open in (XY, +). If xisa point in ¥ and 
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T: X + X, then the set O (x, co) = {x, Tx, T?x,...} is called the orbit of x. G: X 
> [0, ee) is T-orbitally lower semicontinuous at x if {x,} is a sequence in O (x, oc) 
and lim x, = x* implies G(X*) < lim inf G (x,). 
N-> oo n->co 

If (X,d) isa metric space, a mapping T: X — Yis called ‘nonexpansive’ if 
d (Tx, Ty) S d(x, y) for each x, y © X¥. A mapping T: ¥ > X is called ‘quasinon- 
expansive’ if p being a fixed point of T implies that d (Tx, p) < d (x, p) for all x in X. 
A normed linear space (X, || - ||) is said to be ‘strictly convex’ if ||\x + (1 — A) yl| < 1 
for all A, 0 < A < 1, and all x, » © X such that ||x|] = ||y|| = 1. 


2. RESULTS FOR QUASI-METRIC SPACES 

A quasi-pseudo-metric for a set X is a functiond from X x X to the non- 
negative real numbers such that for all x, y, and z in X, d(x, z) S d(x, y) + dQ, z) 
and d(x, x) = 0. A quasi-pseudo-metric d such that x = y whenever d (x, y) = 0 
is a quasi-metric. So in a quasi-metric space, we do not assume that d (x, y) 
= d(y, x) forevery x and y. Let (X,d) bea quasi-metric space. The family of all 
sets of the form {(x, y) : d (x, vy) < €}, wheree >0,isa base for a quasi-uniformly 
U called the quasi-uniformity generated by d. A sequence {x,}2, in (X,U) is a 
‘Cauchy sequence’ provided that for eachu € U there exist a positive integer m) and a 
point x from X such that {x, :m = mo} is contained inu [x] = {y © X: (x, y) € uh. 


Therefore, a sequence {xn} 2, in (X, d) isa Cauchy sequence provided that for each 


« > O there exist a positive integer m) and a point x from X such that {x, :n =] no} is 


contained in the set {y © X: d(x, y) < €}. (X,4d) is complete if every Cauchy 
sequence converges. 


Theorem 1—Let (X, d) and(Y, P) be quasi-pseudo-metric spaces. Let eee and 
{x* }® be two sequences in X. Suppose f: X> Y. Then there exists $: fx — [0, o) 


such that d(x, x*.,) S $(f%n) — ¢ (fXnu1) for n= 0, 1,2, ... if and only 


n+1 


oo 
if & d(x,, x*,,) converges. 


n=1 


Proor : Suppose there exists ¢ : f X > [0, co) such that d (x,, See ore (fx) 
— $.(f%5+1) for'n = 0, 1, 2,.... Fork 2 0, 


Reet dies 87) E [b (fxn) — $ (f¥ne)] 


n=0 no 


= [¢ (fxo) — $ (fx) Hlofxi— $ (f%0)) +. + [6 (Pd — 6 freed] 
= 6 (f%) — (fxn) S (fxo). 


20 ALBARTA M. HARDER AND TROY L. HICKS 


[oe] 
The sequence {Sx}%2, of partial sums of the infinite series 2 d(x,, oe is a nonde- 
n=0 


creasing sequence bounded above by ¢ (fxo) and therefore convergent. 


co co 
Suppose Z d (Xn) Xp4,) converges. Define $ (fx;) = 2 4 (Xj4n Xjeny) for 
n=0 n=0 


j=0,1,2,... and ¢ (fx) = 0 for all x € Xsuch that x 4 Xo, X;, Xo... Letj bea 
nonnegative integer. Then 


> d (Xion: Xi aa aes = d (X44 Xr iaay tata 
= [d (x;. Xt+) +d (Xjsrs Xfqo) tet dT Xjks XFeae 
— [d(xXGy41) Mati yts ) + d (X44 Ssaaa! 
+...+ d (XGaneks reese 
= d be yr, — d (XUjqi)+ks sete ey E 


. * oe) ° 
Since {d (X(j41)4k> XG41)4n41) Seog 1S a SUbsequence of {d (xx, xf,, )}p2, and d (xx, Koa) 


oo 
+ Oas k > co because 2 d(x,, X*,,) converges, then 
im 


ok 
d (XG 414s XC yt1ytk+) ) — a 0 as k we Bad 


So 
li [E 96 ; 
im at (eae _ 8 
k>0 "79 ( das sents) ze d (XG40+m *(41)+n+1)] 
= lim [d(x,, x7,,) — . 
fara [d ( Js *y41 ) d (X¢j41) 4k, X j41)+ kd )) ca d (x;, b ie ). 
Thus 


b (fx) — See 
J $ (fX j41) eet d (Xj4ns x stn+1 ) i ee d (X(j41)4n rier? 


me (X jt a) FOR oo ek eee 


ee rss - ae (Y, P) be quasi-metric spaces with (X,d) complete 
: an :fX > [0, 00). If there exists c > 0 
: , and 

{xn}°°, in X such that sears" k: 


max {d (yy Xnga)s CP (fn fXnts)} So (f%) — 4 (fEna) 
forn = (, 1,2, .., then: Sh 
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(1) lim x, = p exists. 
n->co 


(2) d (Xo, X,) S ¢ (fx0). 


(3) If y + d(x,, y) is continuous for n = 0, 1, 2,..., then d(x,,p) < $ (fx) 
for i710 12-2)... 


ProoF : To prove (1), we first observe that 


max {d (Xn» Xn) c Pp Chr IXn+v} = $ (fxn) ae d (fXn41) for fo 0, i EET implies 
that d (X,, Xn41) S (fxn) — b (fXn+,) for n = 0, 1, 2,.... We know from Theorem 1 


co J 
that = d (Xk, Xk4,) converges. So{ Z d (xz, Sect) baal is a Cauchy sequence. 
0 k=0 


Lete > 0. There exists a nonnegative integer 7) such that m > n = no implies 
m—1 
that 2 d (xx, Xx41) << €. Fix =. Then we show that {x,, : m = n} is contained 
kon 


in the set {y € X: d (x,, y) < «}. Since d(x,,x,) =0<e, then x, isin{fy€ X: 
Oe ye ee liam > 1, then d (X%., Xm) = d (Xe, Xna,) 1 d (Xaia, Xuas) FH 


m— 


1 
d (Xm-1, Xm) = = d (Xk, Xk4;) < € and Xm is a member of the set {y € X: d(x,, y) 
k=n 


<«}. So {x,}%, is a Cauchy sequence in(X,d). YX is complete gives (1). 


n=0 


To prove (2), letn = 1. Then 


n~1 
d (Xo Xn) Sd (Xo, Xi) + d (x1, Xe) +... 4+ d (Xn, Xn) = = d (xu, Xx+1) 


IA 


[S (8 (fx) — 6 (fread) = 6 (fra) — 6 (fae) S$ (fro) 


So d (Xo, Xn) = ¢ (fx) holds for n = 90, |, 2,.... 


Assume y — d (x,, ») is continuous for n = 0,1,2,.. Then (1) and (2) imply 
that d(x, p) = lim d (xo, x,) S lim ¢ (fx) = ¢ (f%). Also, for m > n, 
n> o 


n->co 


I 


d (Xp, Xn) SB d (xk Xeer) SE Ub (fae) ~ 4 (Peed) 


$ (fxn) — ¢ (fXm) S$ (fen) 


Since x, > p as m > ©°, then d (x,, p) = lim d(x, Xm) S lim ¢(fx,) = ¢ (/%n)- 
n> n->o 
Remark 5: Note that (1), (3), and (4) of the following theorem follow directly 
from Theorem 2 by setting x, = 7X . Also, (2) of Theorem 3 follows from the 
definition of T-orbital lower semicontinuity. 
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Theorem 3 [Hicks?, Theorem 2]—Let (X,d) and (YP) be quasi-metric spaces 
with (Y, d) complete. Suppose T: ¥ > X,f: X > Y, and ¢:fX — [0, o9). If there 
exists x» € X andc > 0 such that 

max {d(y, Ty), c P (fy, fTy)} S 6 (fy) — $ (fTY) 
for all y € 0 (xX, ce), then we have : 


(1) lim JT"xo = x* exists. 


n> oo 
(2) Tx* = x* if and only if G(x) = d(x, Tx) is T-orbitally lower semiconti- 
nuous at Xo. 
(3) d (Xo, T® Xo) S ¢$ (Xo). 
(4) If » > d (z, y) is continuous for every z € 0 (xo, co), then 
d (TX, x*) S $ (fT" xo) and d (xp, x*) < ¢ (fx). 
Remark 6: If X is metric, ¥ = Y,c = 1, and f = / in Theorem 3, the condition 
becomes d (y, Ty) = ¢(y) — (Ty). This clearly holds if d (Ty, T? y) Sk d(y, Ty) 
or d (Tu, Tv) [<kd(u,v) forO<k < 1. Just put ¢ Oyv= 440, Ty). 


3. Fixep Point THeorems FoR BANACH SPACES 


Theorem 4—Let (X, || - |\) be a Banach space. Suppose T: X¥ + X, x, is an 
arbitrary point in Y, and x,4, = (1 — a,)x, +, Tx, for n= 0,1, 2,..., where 
O<as|a,|. If there exists $6: ¥ > [0, oo) such that ||x, — Xngill S ¢ (x,) 


co 
— $ (Xn4:) for n = 0, 1, 2,..., (or equivalently, = |lx, — x,4,l| < c°) then: 
n=() 


(1) lim x, = p exists. 


(2) IxXo aa x, || = $ (Xo) for i 0, ts 2 
(3) IIx, — pil S $(x,) for n = 0, 1, 2, .... 


P seer 


(4) Tp = pif and only ifG(p) < lim inf G ere where G (x) =a||x — Txl| 
N-> oo 


for each x in_X. 


PROOF : in, P) = (X, |.I), f = I,c = |, and x, = (0a) a eee aoa 
for n= 1, 25810 Theorem 2, then (1) and (2) follow from (1) and (2) in Theorem 2, 
Since X is a normed linear space, then y > ||x, — y|| is continuous for every yin X. 


Thus, (3) follows from (3) in Theorem 2. 
To prove (4), first assume that Tp = p. ThenG (Pp) 


| = allp — Tp|| = OS lim 
inf a ||x, — Tx,|| = lim inf G(x,,). 
n-> oo 


Now assume that G (Pp) S lim inf G (x,). "We 
n-oo 
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know G (x,) = a ||x, — Tl] S | ay | Xn — Tal] = |lety Xp — &, TXall = 1-1 + a) 
Xn a, Tx,|| = Xn et [C1 oo o,) Xn + ay TXx,)|| = Xn = Xn+ill. Then 0 = a |p oabe Tp|| 
= G(p) = lim inf G(x,) S lim inf |x, — x,4:/| = lim |x, — x,4,| = 0. Note 
Noo Noo nN->co 
. . ac) 
that 1, Xn — Xny,ll = 0 since sh IX, — Xnyill converges. Since a> 0, then 


a ||p — Tp|| = 0 implies that Tp = p. 


Remark 7: The condition in (4) is essentially that G is lower semicontinuous on 
the set {xX9, X1, X2,...}. This condition clearly holds if Tis a continuous function. In 
particular, G (p) = lim inf G (x,) holds so that Tp = p if T is nonexpansive. 


N+ co 


Corollary 1—Let T : X — X, where (X ||.||) is a Banach space. Let xy be a point 
in X and set X,4, = (1 — «)x, + «7x, for n = 0, 1, 2,..., where « >0. Suppose 


oo 
= |x, — Tx,|| converges. Then there exists» € XY such that lim x, = p. Tp =p 


N-> 0 


if and only if G(p) S lim inf G(x,), where G(x) = « ||x — Tx\|. Also, we have 
noo 
the error bounds from Theorem 4. 


Proor : The corollary follows from Theorem 4 since (X;—Xn4,) = % (X, — Tx,). 


Theorem 5—Let K be a closed, convex subset of a Banach space (X, ||.||). Let 
T : K ~ K be nonexpansive. Forn = 0, 1, 2,..., set Xn41 = %q X, + %, TX, + %.T?X, 


k 
+...+ a, T* x,, where «, 2 0,a, > 0,and & a, = 1. If there exists x) in K such 
i—0 


ioe) 
that = |/xn — xX,4:|| converges, then there exists x* in K such that lim x, = x* and 
=O 


a n-> oo 


Proor: The fact that there exists x* in K such that lim x, = x* follows from 


noo 


Theorem 1 and Theorem 2. It must now be shownthat 7x* = x*. Since T is non- 
expansive on K, then T is continuous on K and the mapping given by %/J + #,T +%,T° 
+..+ a, T* is continuous on K. It follows that 


0 S Ilx* — [a, x* + a, 7x*.+ oT? x* +... + a T* x") 


i{ 


lim |x, — [0% + o17%_ + % T?xX, + ... tax T*xn]|l 


n->o 


= lim |x, — Xn4ill = 0. 
n7>o 
Then |x* — [apx* + a,x" + agT?x* +...+ a, T*x*]|| = 0 implies that %ox* + «,7x* 
4 aT 2x* +... 0,7 x* = x*. Then Tx* = x* by Theorem | of Kirk’. 
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Theorem 6—Let C be a closed, convex subset of a strictly convex Banch space 

(X, ||.|).. Let 7: C > C be a quasi-nonexpansive mapping. Set 
Xngd = U%gX_ + Or TXp t+ eTX, + a2T?x, +...+ anT*x, forn = 0, 1, 2,..., 


k k 
where a => 0,% > 0,4, >0,and 2 a = 1. If there exists x) € C such that 2 


t=—0 n=0 


IX, — Xn4,l| converges, then there exists x* € C such that lim x, = X,. 5 sper — I 1 8 


and only if G (x*) < lim inf G (x,), oO 


It -* 00 


where 
G (x) = ||Ix — [uo xX + aiTx +a,T?x+...4+ %% Tx*x]]| for each x in C. 


Proor: We know from Theorem | and Theorem 2 that there exists x* in C such 
that. lint.x. =x". Jf Tx* =), then 


n-oo 


G (x*) = |lx* — [agx* -F a, Tx® pia, T3X* + Pag *x |] 
k k 
= ||x* — ras ay x*|| = Ilx* — x* D aj l=llx* — x*l| 
ey 1-0 


= 0 < lim inf G (x,). 


N+ oO 


If G (x*) = lim inf G (x,), then 


n>oco 
O S |x* — [a x* + a, Tx* + ae T2x* +...4 oT* x*]l] = G (x*) 


lim inf G (x,) = lim inf ||x, — [% x, + «, Tx, +...+0,T*x,]]| 


N-> 0 n> oo 
= lim inf ||x, — Xnqil| = lim ||x, — X,4al| = 0. 
N-—-> co N-w3>o 


Then x* = (aox* + «,Tx* + a T?2x* +... o4T*x*), By Lemma 1.5 of Singh and 
Nelson®, we know that («)/+a;T + &» T° +...4+ a,7*) x* =x* implies that Tx*=x*. 


The next theorem involves the Mann iteration process which was introduced by 


Mann? and which will now be describ . 
ed. Su ose A = ° . P 
which satisfies : Ee [aj] is an infinite matrix 


(1) a1; = 0 for every i and j. 
(2) ai; 


I! 


Ufory =i. 
i 
(3) = a; = | for every i. 


(4) lim a; = 0 for every j. 


1-0 
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Suppose C is a convex subset of a linear space ¥ and 7:C—+C. Choose x, in C. 
Then the Mann iteration process M (x, A, T) is defined v, = 3 Ak Xk ANd Xen; = 1, 
kam) 


for n = 1, 2,.... Mann proved that if (X, ||.||) is a Banach space, C is closed as well as 
convex, and J is continuous, then the convergence of either {x, ve ToL oo io” y 


implies the convergence of the other to y, and their common limit y is a fixed point 
co 

of T. If = |[x, — Xn4,\| < 0°, {x,} isa Cauchy sequence and Mann’s result implies 
n=1 


that x, > y, vy, > y, and Ty = y: Wenow look at a weaker condition when 4 is the 
Cesaro matrix. 

Theorem 7—Let (X, ||.||) be a Banach space. Let C be a closed, convex subset 
of X. Suppose T: C + C, x, € C, and {x,}°2, and {v,}°2, are the sequences in the 


Mann iteration process M(x, A, T) where A is the Cesaro matrix. That is, 


A = [ajjJis the infinite matrix such that a4,; = O if j > i anda; = — if j Sy RN 


oe . 
x * lv, — Tv,l| converges, then their exists x* in C such that v, > x* as n > oo, 


n=l 


Furthermore, if 7 is continuous, then x, > x* as n > oo and Tx* = x*. 


n n | 
Proor: We know thatv, = 2 ayn x= & a oe It follows that 
k=1 k=l 
n+1 


te 
in n+ 1 
k=1 


kel 


IY fies Vn +l — 














= 
= Facer >: Xk n or l Xn+1 
k=1 


\ 


I l ee 
bea et ee 








co 
= s ieee ». In — Ynaall, 


n=1 


x* by Theorem 1 and 


converges. Thus, there exists x* in C such that at Vn 


Theorem 2. If 7 is continuous, then we know that lim x, = x* and 7x* = x*. 
n—>oo 


Application—Let T: K > K be defined by Jz = iz for each z in K where 
K = {z: zis a complex number and | z | S 1} has the usual absolute value metric for 


complex numbers. Note that 7 is nonexpansive and thus continuous. 7 has a unique 
fixed point at 0. Let 2» be a point in K such that Zo + 0. We will show that functional 
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iteration cannot be used to find the fixed point but the iteration procedure given by 
Zna, = $ Zn + $72, for n = 9, |,... can be used to locate the fixed point 0. 
n+l “n 2 9 *» 


If we set: Z41 = JZ, for n= 0, 1,..., then 2,4, = i+} z,. The sequence 


n=0 


= > : n+) 
n nliz)y)= DZ [Pz led Zo | 
{z,}°2, does not converge. Note that 2 d(T? cot 0) Zz | iZo 


v2) 
= D | z|| V2 does not converge. 


n=0 


However, if Zn41 = $2, + 4 Tz, forn = O;1,.., then 


1 I 1 +7 \r 
Zauy = 42 + Fiz, = ai z= (~~) iy 











7 2 
So 
S d (Zn) Zn41) = » ( x) fe Gonalie =e | 
25 yieieree 
© 3 | zo | (2/2)! = (42 + 1) 1201. 


By Corollary 1, we know that Ce ee must converge to the fixed point 0. 
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In the present paper almost contact Finsler structures on vector bundle has 
been defined and its integrability condition is obtained. The set of all 
transformations of almost contact Finsler connection is a abelian group under 
the product of mappings which is isomorphic to an additive group of tensor 
of type (1,2). In this paper notations and terminology of Matsumoto‘ 
and Miron® are used. 


INTRODUCTION 


Let V (M) = {V, 7, M} bea vector bundle whose total space V is a (n + m)- 
dimensional C*-manifold and whose base space M is an n-dimensional C®- 
manifold. The projection map 7: V>+>M, uG@V —> a (u) =x € M where 
u = (x, y), and y € R™ = 7"! (x) the fiber of V (M) over x. 


A non linear connection N on the total space V of V (M) is a differentiable 
distribution, N:u € V > N, € T, (V) such that 


T,(V) = N, ® V; ped bad) 
where 
Vass 1Ace T, (V): ry (X) = 0}. alice) 


Now N, is called the horizontal distribution and V’’ the vertical distribution. Thus, 
X € T,, (V) can be decomposed as 


WXEL ty XAG ON XY G Ve. metl.5) 


Let x‘i = 1,2,...,” and y’,a = 1, 2,...,m be the coordinates of x and y 
such that (x', y?) are the coordinates of u € V. The local base of N,, is 


Ble. e 


Leh ...(1.4) 
bx! ox! 





= NC (x, y) aya 


and that of V’) is aa where N (x, y) are the coefficient of N. Their dual bases is 


(dx*, 3y*) 
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where 

Syt = dy + NY (x, y) dx’. mee) 
Let 

X = X' (x iy eee + X4(x pe ,WwXET,(V). 

dad Oo, See 
Then 
— yi 5 y — ya 2 yess ‘a 2 16 

XH = X' (x, y) Sx? x aye’ 4 An NS Ad eh WAL 
Let 

w be a 1l-from 

© = w; (x, )) dx* +. wa (x, y) dy. 
Then 

wt = ow, dx", w= 04—N, (X, Y) Ma; OY = Wy Sy* sCleh) 


which give that 

wi (X") = 0, wo (X#) = 0 ...(1.8) 
where 

w = wl + ow’, 


Also 
(S @ U)# = S# @ U#, (S + U)H = SH + UH 
(S @ U)¥ = S¥ @ UY, (S + U)” = SY + UY. SAL 


The Finsler tensor field of Type (? ") on V has the following local form 


5 


{ ; 
= T rhe = Agee 
j b dx, 


is (x, y) 


19+++ go 1y-+- 


FY 
®...8 > OP tt 
dx', 


Os \e o.'C ' 
.. @...@ dx @ ay Fr Ga By Jq ©, dy®, @... @ Sy. ...(1.10) 


. Definition 1.1—A Finsler connection on V is a linear connection y = FT onV 
with the property, that the horizontal linear space N,, u € V of the distribution N are 
Parallel, with respect to v and the vertical spaces V’ ,u € V are also parallel relative 
to y (Miron‘), 


A linear connection V on V is a Finsler connection on V if and only if : 


(vx y#)” = 0; (Vx ")¥ = 0,4 XYE THY, eC abl) 
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A linear connection y on V is a Finsler connection on V if : 
Vx Y = (vx Y4)# + (vx Y")" ¥ X,Y € T, (V) ...(1.12a) 
Vx © = (Vx o7)4 + (Vy o”)” ¥ wo © T* (V) and X¥ € T, (V) ...(1.12b) 
for any Finsler connection we define 


ve Yau sy Y= v, Wi ¥ X,Y T,(V) 


Ve f= X86 Vy Sax SSE FV) (1.13) 
where vy” is called the /-covariant derivative and y" the V-covariant derivative. 
Definition 1.2—Let » € T* (V) be a differential g-form on V and ¥ is a linear 


connection on V. Then its exterior differential dw is defined as: 


1 ~ 
(do) (X,,... Xpu1) = = (— 1)? (x, ©) (Kiss Xin Xora) 


a >> (-—1)'*? (T (1, Xj) (X1,..-Xt,...Xy 
1<i<j<qtl 


Xai) ¥ XE T, (V) (1.14) 
where 7 is the torsion tensor of VY. 


In particular for g = | 
dw (X,Y) = (vx ) (Y) — (Vy ») (X) + &T (X, Y) 
¥X,Y E€7T,(V)and ¥wE T* (V). tf: 15) 


In the canonical coordinates (x‘, y%), there exists a well determined set of differ- 
entiable functions on V. 


FO) FF, 9); C,, &% 9). G oy” 
such that 
s4 8 j tee | et eee nM 
V Sx* 5x? ee. Fis (x, ¥) sa; V 3x* Byb aa Fi (x; Y) ya 


ov 5 i 5 A ov F a) . a 
Vv aye 3x! = Ci (2X; y) 5x4? V dye ay> Cie (x, y) ay" 


where Fi, (x, ») Fis (x, y) are called the coefficient of the A-connections V” and 


rath (x, y), Cr (x, y) are called the coefficients of of V-connections y’. 
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The torsion tensor field 7 of a Finsler-connection is characterised by five. 
Finsler tensor fields. 
(7 (X4, Y5)}4, [T (X#, Y*)\’, (7 (X#, YP 


[7 (X#, Y")", [7 (X", Y" DI. 


2. Acmost CONTACT FINSLER STRUCTURE ON VECTOR BUNDLE 


Let ¢ be an almost contact structure on V given by the tensor field of type 


Re ') with the property : 


a. $.6 = — 1, + nF @ EF + wY @ 

b. ¢ £4 = 0, g&" = 0 

Co Gy 9 (CT) =k 

d. n# (pX4) = 0; Y (PX?) = 0, nF (GX") = 0, 1” (6X") = 0 _...(2.1) 
where y is 1-form and & is vector field’. 


Proposition 2.1—If 4 is an almost contact Finsler structure on V, there exists an 
unique decomposition of ¢ in the Finsler tensor fields, 


Ms ‘ : 1 2 1 2 

p= oi + egies 6 ‘.)= ea, (2.2) 
where 

$,(0, X) = $ (wo, X"), $? (0, X) = $ (wH, XY 

), # (0, X) = $ (w", XY) ee 

$° (@, X) = ¢ (w”, X4) J4 (o, X) = ¢ (w", XV) 

¥XET,(V) and ¥ o € thes (V). 
We can write 

$ (X47) = g} (XH) = 93 (XH) 

& (XT) = 62 (X") + $4 (X"). } ...(2.4) 


It follows that 


(Le d+ gto 8) (XH) = — XM 4 gH (XM) EH 
(Bog! + gto gt) = 0 
(#1 © d+ 4 © g4) (XY) = 0 


(2.5) 
(Bo $F + dt 0 Bt) (XY) = — XV 4a (X) BY, 
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In terms of local coordinates ¢ is respresented by : 


i 98 ) a a a O 
$= $55 @ a! + $, 57 OO + $F @ dx + Ho, @ I 


or 
a fos Be 
$= (¢4)= mao) 
$b; $y 
Then (2.5) takes the form 
% gh +o of = — 3 4n,.@ & | 
| 
$7 ot + $F by =0 : 
HAQ) 
! i a 
?, & + ¢, 6 =0 | 
Hoo +e = — twee. | 


The integrability tensor field of the almost contact Finsler structrure on V is given by? 
+ dyF (X, Y) &% + dy’ (X, Y) &”, ¥ X,Y € T, (V). 


...(2.8) 
Proposition 2.2—If T is the torsion tensor of the almost contact Finsler connec- 
tion vy then N (X, Y) takes the form : 


N (X,Y) =T(X,Y) + 67 (x, 6¥) + 47 (6X, Y) — TSX, $Y). ...(2.9) 
PRooF : We have 
T (X,Y) + $7 (X, $Y) + ($7 (4X, Y) — T (OX, $Y) 
[¢X, ¢Y] — #[X, ¢¥] — [X,Y] + ¢° [X,Y] 
+ ¢°(T(X, Y)) + T(X,Y) 
[¢X, ¢Y] — o[X, g¥] — $[¢X, Y] + #* [%, ¥] 


i 


+ (n# @ GF + Y @ &Y) (T(X, Y)) 


which gives (2.9) because of?; 


dn (X,Y) 4 + duY (X,Y) BY = {nt @ EF + aY @ BY} (TX, ¥)). 
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Theorem 2.1—The almost contact finsler structure is integrable i.e. normal if 
and only if 


TX, VV ETO Y) FT Oey eee ...(2.10) 


which takes the following form in the local cordinates system. 


: 
Ti, + 6, Th +4) TE) — go gk Th = Diy 

f walled) 
Ry + $h (by Rn + $ Ri)— ot oh Re = 0) 

: 
Co t Hb, Cu + #% C)— 8, $ Ch = 0 | 

; “(2A2s 
Py + $4 Pu + bi Pao oy PR =O) 
Std Sy + 4 Sky—g gust = 0 (2.13) 


where 
$5 fe Ri pe Pe : CG. : Si. are the torsion tensor fields of the almost contact Finsler 
connection. 


Proor : The almost contact Finsler structure ¢ is integrable if and only if 
N (X, Y) = 0. 


In local coordinate system N (X, Y) = 0 is equivalent to 


ae [Oe 8 
N (sn> aq) =0 


aig OT 0 
"(ii ae) = 0 
Ped oe 0 
N (serge) = 


which give (2.11), (2.12) and (2.13) respectively. 





3. SET OF ALL ALMOST CONTACT FINSLER CONNECTIONS 
Definition 3.1—A linear connection y on V with the properties? 


(1) Vis an almost contact connection on V 


(2) v is Finsler connection 


relative to the distributions N and V¥ : 
(yx Y4" = 0,(yx Y’)F. = i.e 


0 is called an almost contact Finsler connection on V. 
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Theorem 3.1—The connection 
Vx = 3 {In + 07 @ EX + 9” @ EY’) Ux — go Yxe g} 


¥ X € T,(V), where V is an arbitrary fixed Finsler connection on Vis 60 
almost contact Finsler connection. 


PROOF: we have 
Vx¥ = 3 (In +n @ EH + WY Be) yx Y—(G>o yxe OF} 


bivx ¥ + (n! @ EX + 0” @ EB) Gx Y— $0 g0x¥} 


bivx + (04 @ EH + yY @EY) vxY 
+ yx Y — (n¥ @ EH + WY @ BY) OxY} 
= Vx Y. 
Now 
Vx ¥ = Vx (V4 + YY) = 431, + 14 @ EH + wY @ EY) Vx 
— $e yxo $ (YH + ¥Y") 
which gives 


vx YH = 3 (1, + 1 @ EH + XE") Gx — bo Ox. go} ¥# 


vx Y¥ = 3 (I, + 1 @ EX + WY @E) Ux — bo Ye HY. 
But 
[2 Un + n% @ E4) + 1” @EY) Yx — $b Yxo g} YH! =0 
[En +n @ EH + 0 @E") yx — bo Yxo SHY = 0 
(Vx Y#)’ = 0, (yx Y’)# = 0. 
Theorem 3.2—If ¥ is an almost contact Finsler connection on V., 


Then 


Vx = ux + Q4X¥ X ET, (V)' is also an almost contact Finsler connection, 
where Ay: T, (V) > T,, (V) is the Obata operator Q of ¢ given by 


QAx = 4(1, + nF @ G4 + w @ &) Ax — 6 Axd 
and A is a tensor field of type (1,2). 
Proor : We have 


vx Y=Vxt+QAxY (equation continued on p. 34) 
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> YyYH + Vx YY = (vx YH + QAx YH) + (yx Y” + QAx Y") 
which gives 

vx Y# = (yx + QAx) YH 

vx YY = (vx + QAx) ¥’. 
Since vy is an almost contact Finsler connection : 

(vx Y#)" = 0, (vx Y")# = 0 
Also 

(Ay Y#)’ = O and (Ay Y’)# = 0. 
Therefore, 

(Vx Y4)" = 0, (vx Y")4# = 0. 
Hence, Vx is an almost contact connection. 


Theorem 3.3—There exists an almost contact Finsler connection, if and only if 


for any fixed Finsler connection V on V. 
[2 (vy + Ax) YHY = 0 
[2 (yy + Ax) YY" = 0 


where A is a tensor field of type (1,2) and X, Y € T, (V). 


Proor : If we have A such that 
[2 (Vy + Ay) Yay = 0 
[2 (vy + Ay) ¥"# = 0. 


Then Vy = Q(Vy + Ay) is an almost contact Finsler connection because 


(Vx Y#)" = 0, (Vx ¥")4# = 0 


conversely; if Y is an almost contact Finnsler connection then for a fixed c there exists 
A € 72 (V) such that 


since Yy being Finsler connection, hence 


(Vx Y#)” = 0, (yy Y”)# = 0 


[2 (Gx + Ay) YH = 0 
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[Q (Vy + Ay) YH = 0, 


Theorem 3.4—The set of all transformation of almost contact Finsler connections 
forms an abelian group under the product of mappings which is isomorphic to the 
additive group of tensors of type (1,2). 


Proor : A mapping of two almost contact Finsler connection is given by 


FeV niet Mer eb PAY rE fe 
Let 


fit Vx =Vx + Q4,X 


fo? Vx = Vx +Q4,X 


be two mappings then the product of mappings is given by 
Ssh AP = Vx + Q(A, + A,) X. 


The identity of mapping is f, Vy = Vx and inverse mapping of f, is — ey: 
Vr “Vx — 2.4, (%). 


Therefore, set of all transformations of almost contact Finsler connections is an 
abelian group under the product of mappints. 


Further, if ) sends f, to A, then 
b(f,° fi) =A, + Ar =b(f,) + 0(f) 


again for any A, there exists a f, such that 


b(f) = Ay. 


Thus, ¥ is an isomorphism to an additive group of tensors of type (1,2). 
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A pair of elements in a linear associative algebra (or a ring) is called a “Heisen- 
berg pair’ if their?commutator is unity. Necessary conditions or sufficient 
conditions are given for existence of a Heisenberg pair in various rings and 
algebras. Emphasis is on rings of endomorphisms on modules and on rings 
of matrices. The situation is completely analyzed for free modules. Con- 
sequences of an algebra containing a Heisenberg pair are developed. The 
paper lists some open questions and a conjecture. 


1. INTRODUCTION 


Questions concerning the existence and nature of linear operators whose com- 
mutator is a scalar multiple of the identity can be traced back to the early days of 
modern quantum mechanics’. Even in the special setting appropriate to quantum 
mechanics, the existence question was not satisfactorily answered until 1947'°. Since 
then the study of commutators of linear operators on a Hilbert space has attracted 
considerable attention. (Halmos®> and Putnam® discuss this in detail and each 
provide extensive references.) This paper addresses the collateral question of the nature 
of morphisms whose commutator is the identity. More specifically, if Ris a ring and 
Mis an R-module, then a pair «, 8 of R-endomorphisms on M is called a ‘Heisenberg 
pair’ if «8 — Ba = Jy. (Herein all rings have unity : modules are unital left modules ; 
subrings contain the same unity element as the ring ; and ring homomorphisms take 
unity into unity, unless otherwise noted.) Necessary and sufficient conditions fora 
free module to have a Heisenberg pair are given. It is useful—and of interest of 
itself—to consider Heisenberg pairs in the setting of algebras and rings. A ring (alge- 
bra) 4 is said to contain a Heisenberg pair if a,b € A such that the commutator 
[a,b] = ab — ba, is unity. This paper addresses the question of when a ring or algebra 
can or cannot contain a Heisenberg pair, with special consideration given to rings of 


endomorphisms or matrices. (Shoda® and Albert and Muckenhaupt! have considered 
commutators of matrices over fields.) 


For a ring R, char R denotes the additive order of the unity of the ring ; C (R) 
denotes the center of the ring; and M,, (R) is the full ring of m by n matrices over R. If 


*This paper is dedicated to Professor E. R. Keown. 
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M is an R-module, then Endr M is the ring of all R-endomorphisms on M and Iw is 
the identity mapping on M. An ‘algebra’ will mean a unital associative linear algebra 
over a commutative ring. 


By way of explanation for the choice of the phrase ‘‘Heisenberg pair,” it was 
picked up from correspondence and conversation with P. R. Halmos. He used it in the 
context of linear operators, but seeing as how it reveals the origins of this study, which 


now roams through rings, algebras, and modules, it seems appropriate to use it also in 
the more general context. 


2. HEISENBERG PAIRS ON FREE MODULES 


A free module is said to have ‘dimension’ if every free basis of the module has 
the same cardinality; if that cardinal is n (finite or infinite), the module is said to have 
‘dimension’ n. (See Leavitt.*) A ring R is said to be ‘dimensional if every free R-module 
has dimension. (Cohn® uses the phrase ‘invariant basis number.) If M is a free module 
which is not finitely generated, then M has dimension’. The class of dimensional rings 
includes all commutative rings? and all subrings of left or right Noetherian rings’. 
In this section conditions are given which guarantee the existence of a Heisenberg 
pair on a free module which has dimension. 


Proposition 2.1—Let F be a free R-module. If either of the following hold, then 
there is a Heisenberg pair on F: 


(1) Fis not finitely generated, or 
(2) Fhas finite dimension n > 2 and char R divides 7. 


Proor : Let B be a free basis for F. If B is infinite, write B as the disjoint union 
of sets B; = {bj : i = 0; 2, ...}. Define functions « and B on B via : 


ab jo = 0, ab 4 = ib j1-1, for) 1. 
Bb = Dy44;, for i > 0. 


Then «8 — Bx = /g. Extend « and B to R-endomorphisms on F to obtain the desired 
Heisenberg pair. 


If | B | =n, then write B as the disjoint union of sets Bj = Ogi ge Oy Ve coes 
m — 1}, where m = char R. Then define « and 8 via: 


abjy = 0, aby = ibjs_,, fori = 1, ...,.m— 1. 
Bb yy = b jst415 fori = ls sestg Ene 2 and BD j4m-1 = 0, 
Then extend « and®to R-endomorphisms on F and the desired Heisenberg pair is 


obtained. 
If char R does not divide the dimension of F in the finite dimensional case, the 


given « and @ will not yield «B — Ba = 1, since (08 — Ba) bjy—y = (1 — ™)Bjym-1. 
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Variations on the scheme given in the proof of Proposition 2. 1 yield many dif- 
ferent Heisenberg pairs. In particular, if y € Ende F is invertible, then yxy’, y84~* 
is a Heisenberg pair if and only if «, B is. 

As the next result shows, the dimension of F being a multiple of char R is 
necessary. 


Proposition 2.2—Let R be a commutative ring and Fa free R-module of finite 
dimension 7. If there is a Heisenberg pair on F, then char R divides n. 


Proor : Since Ende F is ring isomorphic to M, (R), there isa Heisenberg pair 
A, Bin M,, (F). However, the trace of [A, B] is zero while the trace of 7 € M, (F) is 
n. 1, which is zero only if char R divides n. 


Corollary 2.3—If R has characteristic zero, then a finite dimensional free module 
over & cannot have a Heisenberg pair. 


The argument in Proposition 2. 2 realise on the trace property; tr AB = tr BA, 
which does not hold in general for matrices over noncommutative rings. In the next 
section a way around this obstacle will be found. 


3. HEISENBERG Pairs IN RINGS AND ALGEBRAS 


Proposition 3.1—Let A be an algebra over a commutative ring R such that A is a 
finite dimensional free module over R. If A contains a Heisenberg pair, then char R 
divides dime A. 


Proor : For each a € A, define ¢a (x) = ax, the left multiplication mapping in- 
duced by a. Then a > ¢, gives an R-algebra monomorhism from A into Enda A; this 
mapping takes / € A into /4. The existence of a Heisenberg pair on A then yields a 
Heisenberg pair in Ender A, which in turn forces: char R divides dime A. 


Proposition 3.2—Let R be a subring of a simple ring S with 0 < dimcjs) S=k 
< ce. If char S does not divide n. k, then M, (R) does not contain a Heisnberg pair. 


Proor : As in the proof of Proposition 3.1, there is ¢ ring monomorphism from 
S into Endcs, S and hence into M, (C (S)). Using this yields a ring monomorphism 
from M,, (S) into M,x (C (S)): unity goes into unity with each morphism. Since char 
C (S) = char S does not divide n. k. there isno Heisenberg pair in M,x (C (S)) and 
hence none in M, (S). Consequently, M, (R) cannot contain a Heisenberg pair. 


Corollary 3.3—Let S be a simple ring which is finite dimensional over its center. 
If char S does not divide dimccs) S, then S does not contain a Heisenberg pair. 


Proposition 3.2 is of particular interest if S is a skewfield. One consequence of 


this and of Proposition 2.1 is the following extension of a venerable piece of linear 
algebra folklore. 
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Proposition 3.4—Let V be a vector space over a skewfield K such that dimcx) K 
= m < oo. Then the following are equivalent : 


(a) There is a Heisenberg pair either in Endx V or in M,, (K). 
(b) Either (i) dimx V = © or (ii) dimg V = n < © and char K divides mn. 


Proor : The case where dimg V = | is trivial, so take n > 1 throughout the 
proof. 


If there is a Heisenberg pair in Endgx V and dimx V = n < 00, then there is a 
Heisenberg pair in M, (K). The center of M, (KX) is ring isomorphic to C(K). Using 
S = M, (K) as the simple ring in Proposition 3.2 and R = {Al,: A € K}, since dimccs) 
S = n'm, we have char S divides nm. But char S = char K, which in this case is a 
prime, leading to char K divides either n or m. 


If Mm (K) contains a Heisenberg pair, then using S = K = R in Proposition 3.2 
yields char K divides m? and hence divides m. 


If either dimx V = co or dimg V = n < oo and char K divides n, then Proposi- 
2.1 immediately gives a Heisenberg pair in Endx V. If char K divides m, then free K- 
module K” satisfies Proposition 2.1 (2) and hence Endx K™ = Mm(K) contains a 
Heisenberg pair. 


Given a ring (or algebra) which contains a Heisenberg pair, it is easy to form 
new which also have this property. Let © be the class of all rings (algebras) which 
contain a Heisenberg pair. 


Then Q is closed under the formation of : 
(i) factor rings, 

(ii) finite direct sums. 

(iii) direct products, 


(iv) full matrix rings. 


fi acd 

Proposition 3.5—Let A - B -—> C bea sequence of R-algebras, where each is also 
a free R-module, R a commutative ring of characteristic zero, and f and g be epimor- 
phisms. If B contains a Heisenberg pair, then each of A, B, C is infinite dimensional 
over R. 

Proor : Proposition 2.2 yields that, viewed as a free R-module, 8 must have in- 
finite dimension. So A and C must be infinite dimensional over R, 

Corollary 3.6—Let M be an infinite dimensional free R-module, where R is a 
commutative ring of characteristic zero. The R-algebra Ender M has no finite dimen- 
sional (non-zero) homomorphic image. 
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Immediately from Proposition 3.1 it is seen that if A isan algebra over a com- 
mutative ring R, char R =O, and A contains a Heisenberg pair, then dime 4 is infinite. 
In the case where R is a field, there is an easy alternate proof of this result which makes 


on use of trace. 


ALTLRNATE Proor: If a, 6 € A such that [a, 6] = 1, then [a"t1 b] = (n + 1)a". 
Use this and induction on n to show {a,:j = 0, 1, 2, ..., m} is linearly independent for 
each n. (Both char R = 0 and R a field play a crucial role in this argument.) 


4. QUESTIONS AND CONJECTURES 


Question 4.1—For a given ring R, which R-modules will have a Heisenberg pair 
of R-endomorphisms? 


For free modules this question was answered in Section 2. Considering the inti- 
mate connection between free modules and projective modules it does not seem unrea- 
sonable that similar results hold for projective modules. However, the obvious attack 


does not work. 


Conjucture 4.2—If P isa projective R-module which is not finitely gererated, 
then there is a Heisenberg pair in Enda P. 


Another approach to answering Question 4.1 is to consider the exact sequence of 
R-modules : F + M > 0, where F is free, and look for a ring homomorphism from 
Ende F onto Endr M, a situation which does not happenin general, but which can 
occur. 


Question 4.3—In the setting above, when is Endr M a ring homomorphic image 
of Ender F? 


For skewfield K every K-module which is not finitely generated has a Heisenberg 
pair. It is natural to ask : 


Question 4.4—Which rings have the property that‘every module which is not 
finitely generated has a Heisenberg pair? 
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Recently, by using regularly open sets Jain? has defined and characterized 
some new separation axioms for topological spaces, In this paper we try to 
extend these separation axioms to bitopological spaces and study its 
relationships among themselves as well as with other known separation 
axioms. 


INTRODUCTION 


In a topological space X, a set A is said to be regularly open’ if it is the interior 
of its own closure or, equivalently, if it is the interior of some closed set. The 


complement of a regularly open set is said to be regularly closed’. Velicko® has 
defined the set to be 5-open if it is expressible as a union of regularly open sets. The 
complement of a 5-open set is said to be 5-closed’. A point x in X is said to be a 
3-adherent point of a set A of X if every regularly open set containing x has non- 


empty intersection with A. The set of all 5-adherent points of a set A is denoted by 
S-cl A, A is 5-closed if and only if A = 5-cl A. 


The concept of bitopological spaces was introduced by Kelly*. A set equipped 
with two topologies is called a bitopological space. The purpose of the present paper 


is to extend separation axioms given by Jain*® to bitopological spaces. Several proper- 
ties of these new pairwise axioms are obtained. 


1, PAIRWISE r7o-SPACES 


| Definition 1.1°—A topological space X is said to ber) if for any two distinct 
points of X, there exists a regularly open set containing one of the points but not the 


other, or equivaletly, there exists a 5-open set containing one of the points but not the 
other. 


Ps Definition 1.2—A space (X, 7, T:) is said to be pairwise r7J) if for any two 
distinct points of X, there exists a set which is either T,-regularly open or T,-regularly 
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open containing one of the points but not the other, or equivalently, there exists 
either a T,;—5-open ora 7,—4-open set containing one of the points but not the other. 


Obviously, every pairwise rT, space is pairwise 7» (in the sense of Murdeshwar 
and Naimpally®). But the converse need not be true as following example shows, 

Example 1.1—Let X = {a, b, c}, T; = {X, ¢, {a}, {b, c}} and T, = {X, ¢, {b}}. 
Then, clearly, the space (X, 7,, T,) is pairwise J) but not pairwise rT». 


Theorem 1.1—A space (X, T,, T,) is pairwise rT, if and only if given two distinct 
points of X either their 7,—5-closures are distinct or their 7, —5-closures are distinct. 


Proor : Let (XY, T:, T,) be a pairwise rT, space and let x, y € X be two distinct 
points. Suppose U is a 7,—5-open set containing x but not y. Then y € 7,—dcl 
{y}C X —U and sox & T, — dcl {y}. Hence T, — del {x} A T, — del {y}. 
Conversely, let x, » be two distinct points of X¥. Then either 7,—dcl {x} # T,—del {y} 
or T, — del {x} + T, — dcl {y}. Inthe former case let p be a point of X such that 
p€T,; — del {y} and p & 7; — dcl {x}. We assert that y & 7, — del {x}. If 
y € T, —dcl {x} then 7, —8cl{y} C T, — del {x}, so that p ET, — del {y}CT; —Scl{x}. 
This contradicts the fact that p & 7, — Scl {x}. Hence y © 7, — dcl {x}. Thus 
U = X —T, — dcl {x} is aT, — 5-open set containing y but not x. The case 
T, — del {x} ~ T, — del {y} can be dealt with similarly. 


Theorem 1.2—A space (X, 7), T.) is pairwise rT, if either (X, 7,) or (X, 72) 
is rT. 


Proor : Obvious. 


The converse of Theorem 1.2 need not be true as can be seen from the following 
example. 

Example 1.2—Let X = {a,b,c}, T: = {X, ¢, {a}, {b, c}} and T, = {Y, ¢, {c}, 
{a, b}}. Then, clearly the space (X, 71, T: ») is pairwise rT) but neither (X, 7,) nor 
(X, 7,) is. rT. 


2. PAIRWISE r7\-SPACES 


Definition 2.1°—A space X is said to be r7, if whenever x and y are distinct 
points in X, there exists a regularly open set containing x but not y, or equivalently, 
there exists a 5-open set containining x but not y. 


Definition 2.2—A space (X, T,, T2) is said to be weakly pairwise r7, if for every 
pair of distinct points x,y of X, there exists either a T,-regularly open or a 7,-regularly 
open set containing x but not y, or equivalently, there exists a 7, — 5-open or 
T, — 5-open set containing x but not y. 


Obviously, every weakly pairwise r71 space is pairwise r7J», but the converse 


need not be true as can be seen from the following example. 
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Example 2.1—Let X = {a, b, c}, Ti = {X, 4, {a}, {b, c}} and T, = {X, 4, {a}, 
{b}, {a, b}}. Then, clearly the space (X, 71, T,) is pairwise r7J>. It is not weakly 
pairwise r7;. For, consider the pair of points b, c of X, we observe that any 7,-regu- 
larly open set containing 5 also contains cand any 7J>.-regularly open set containing c 
also contains b. 


Definition 2.3°—A space (X, Ti, T,) is said to be pairwise T, if for every pair of 
distinct points x and y of X, there exists a 7,;-open set or a 7;-open set containing x 
but not y. 


A pairwise T1-space in the sense of Murdeshwar and Naimpally® will be called 
weakly pairwise 71. 


Theorem 2.1—Every weakly pairwise r7, bitopological space is weakly pairwise 
Ti. 


Proor : Obvious. 

The convese of the above Theorem 2.1 is not necessarily true. 
Theorem 2.2—The following statements are equivalent : 

(i) (X, T;, T,) is a weakly pairwise rT; space. 

(ii) T, — del {x} M T. — del {x} = {x} for every x € Xi 


(iii) For every x € X, the intersection of all 7, — S-neighbourhoods and all 
T, — 5-neighbourhoods of x is {x}. 


Proor: (i) > (ii)—Let x € X and y € T, — del {x} N Te — Scl {x} where 
y # x. Since Xis weakly pairwise r7;, therefore there is a 7, — 5-open set U such 
that y € U,x & Uor there is a T, — S-open set V such that yEV,x & V. 


In either case y & T, — Scl {x} M T, — del {x}. Hence {x} = T,—del {x}NT, — del 
{x}. 


(ii) > (iii)—If x, y © X such thatx # y, then x & 7, — d3cl {y} MN T, — del {y}, 
so there is a 7, — 5-open set or a 7, — 5-open set containing x but not y. Therefore, 


y does not belong to the intersection of all T, — 5-neighbourhoods and all 7, — 5- 
neighbourhoods of x. 


(iii) > (i)—Let x and y be two distinct points of ¥. By hypothesis, y does not 
belong toa 7, — S5-neighbourhoods or a 7; — 5-neighbourhoods of x. Therefore 


there exists a T, — 5-open set or a JT; — 5-open set containing x but not y. Hence 
X is weakly pairwise r7, space. 


why Definition 2.4—A space (X, T,, Tz) is said to be pairwise rT, if for each pair of 
distinct points x, y of XY, there exists a T,-regularly open set containing x but not y 
and a 7,-regularly open set containing y but not x, or equivalently there exists a 
T, — 5-open set containing x but not y anda T, — 5-open set containing y but not x. 
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Obviously, every pairwise r7; space is pairwise T, (in the sense of Reilly’) but the 
converse may be false as is shown by the following example. 


Example 2.2—Let R be the set of real numbers and T the co-countable topology. 
Then (X, 7, T) is pairwise T, but it is not pairwise r7,, because the only T -regularly 
open sets are ¢ and R. 


Theorem 2.3—A space (X, T,, T») is pairwise rT, if and only if (X, 7,) and (X, T.) 
are rT,. 


Proor : Let (X, T,, T,) be pairwise rT; space. Let x, y be two distinct points 
of X, then there exists a 7,-regularly open set U such that x € U,y & U. Thus 
(X, T,) is rT, Similarly, (X, T,) is rT). Converse is obvious. 


It follows from the preceding Theorem that every pairwise rT, space is weakly 
pairwise rT, and a pairwise r7, space is nothing but a bi-r7; space. We also note 
that a weakly pairwise rT, space need not be pairwise rT,, which can be easily verified. 


Corollary 2.1—A space (X, T;, T,) is pairwise rT, if and only if each singleton 
is both T, — 5-closed and T, — 5-closed. 


Proor : Obvious. 
3. PAIRWISE rT.-SPACES 


Definition 3.1—A space (X, T;, T2) is said to be pairwise semi-rT> if for every 
pair of distinct points x, v of X, there exists a Ti-regularly open set U and a disjoint 
T,-regularly open set V such thatx € U,y € Viorx EV, y € U. 


Obviously, every pairwise semi-r7, space is pairwise semi-72 (in the sense of 
Kim‘). But the converse is false as is shown by the following example. 


Example 3.1—Let ¥ = {a, b}, T, is the discrete topology on X¥ and T,=—{X,¢{a}}. 
Then clearly the space (X, T;, T2) is pairwise semi-7, but not pairwise semi-r7>. 


Theorem 3.1—If (X, T1, Tz) is pairwise semi-r72 then (X, 7,) and (X, T,) are both 
rT, spaces. 


Proor : Obvious. 
Corollary 3.1—Every pairwise semi-rT, space is weakly pairwise r7}. 


Definition 3.2—A space (X, T;, T,) is said to be pairwise r72 if for every pair of 
distinct points x, y of X, there exists a T,-regularly open set U and a 7,-regularly open 
set V such thatx € U, y€ Vand UNV = ¢. 


Theorem 3.2—Every pairwise rT, space is bi-r7;. 
Proor : Obvious. 


Corollary 3.2—Every pairwise rT, space is pairwise r7;. The converse of 
Corollary 3.2 need not be true. 
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Definition 3.3:—A subset A of a space (X, T) is said to be N-closed relative to T 
every cover of 4 by regular open sets of X has a finite subcover. 

Theorem 3.3—Let A be a subset of a pairwise r7, space (X, 7,, T,) which is 
N-closed relative to 7;. Then A is T, — 5-closed. 

Proor: If A = X, then A is obviously 7, — 5-closed. If A # X then there is 
apointx € ¥ — A. Since X is pairwise rT,, for each y & A, there exists a T,- 


regularly open set Uy and a T)-regularly open set Vy such that x € Uy, y € Vy and 
Uy \ Vy ~¢. Then (Vy: y € A} isa T,-regularly open cover of the set A which is 


n 
N-closed relative to 7,, So it has a finite subcover say Vy,, Vy.,..., Vyn. LetU= 1) 


3 


Uy, V= U Vy, Then Uis T, — 5-open, V is T, — 5-open and x € U,A CV 
(=i 
and U(\V=¢. Thus,x € UC X — A, and so X — Ais T, — 5-open. Hence 
A is T, -— 5-closed. 
The implications between pairwise separation axioms are indicated by the follow- 
ing diagram : 
Pairwise semi-7.,> Weakly pairwise 7, 
th 
Pairwise semi-r7,=> Weakly pairwise r7, 
4 


Pairwise rT, ->Pairwise rT, = Pairwise rT 


Pairwise T, Pairwise 7, => Pairwise Ty 


4. Pairwise rRo-SPACES 


Definition 4.1—In a topological space (X, T) the 5-Kernal of a point x of X is 
the set 3 Ker {x} = {y : x € del {y}}; and the 5-Kernal of a subset A of YX is the 5 Ker 
A = 1) {U: U is 3-open and A C U}. 


| Lemma 4.1—Let (X, T) be a topological space and let A bea subset of X, then 
6 Ker A = {x € X: del {x} 1 AS 9}. ; 


. PROOF: x & 5 Ker 4 implies x &  {U: Uis 5-open and A C U}, so there 
: a 6-open set U such the 4 C U and x & U. Therefore, 5cl {x} \ U = ¢ and 
cl {x} 1 A = ¢. Now, écl {x} A A = ¢,80G = X — dcl {x} isa 3-open set such 


Definition 4.2°—A space (X, Ti, 7») is sai irwi i 
. » 41, £2) 1s said to be pairwise R, if f. - 
set G, x € G implies I,—cl {x} C Gif = lais . estes peed 


Definition 4.3—A space (X, 7), T.) is sai irwi 
» £1, 45) 18 Said to be pairwise rR, if f — 6- 
open set G, x € G implies T,—<sel {x} C G, i,j = 1,272 J dai GARIN ial 
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We give below two examples to show that pairwise rRo and pairwise Ry are 
independent concepts. 


Example 4,1—Let X = {a, b, c}, T, = {X, ¢, {a, b}, {a, c}, {a}} and 7, = {X, ¢, 
{b, c}, {a, b}, {b}}. Then (X, 7,, T>) is pairwise rRo but not pairwise Ro. 


Example 4.2—Let X = {a, b,c}, T, = {X, $, {a}, {b}, {a, b}} and T, = {X, ¢, 
{a, c}, {b, c}, {c}}. Then clearly the space (X, 71, T,) is pairwise Ro but not pairwise 
rRo. 


Theorem 4.1—A space (X, T,, T,) is pairwise rR, if and only if for each pair of 
distinct points x, y of X, T, — écl {x} M T, — scl {y} = ¢ or {x, y} C T, — Sel {x} 


Proor : Let T, — Scl {x} NT, —Scl{y}+ ¢ and {x, y} € 7, — del {x} MN T, —del 
{y}. Let Z € T, — Sel {x} M T, — Sel {9} and x & 7% — Sel {x} M T, — Sel {y}. 
Then x & T, — Scl {y} which implies that x € X¥ — T, — Scl {y} which is T, —5-open 
set, but 7, — dcl {x} ¢ X—T,-dcl {y} because Z € T2—Scl {y}, so the space (XY, 7; 7:) 
is not pairwise rRp. 


Conversely, let G be a T, — 5-open set containing a point x of ¥. Suppose 
T, — Scl {x} € G, then there is a point vy € 7, — dcl {x} such that » & G and 
T, — scl {y} MN G=¢. Since Y¥ —G is T, — ¢-closed and y € X¥ — G, hence 
{x, y} ET, — del {y} NM T, — Sel {x} and so T, — del {y} M T, — del {x} ¥ ¢. 


Theorem 4.2—The following statements are equivalent. 
(a) (X, 7,, T.) is a pairwise rRo space. 
(b) For each x € X, 7 — Scl {x} C T,;—SKer {x}, i,j = 1,2,13 Aj. 


(c) For any x,y € X,y € 7-5 Ker {x} if and only if x € T,—5 Ker {y}, 
ij =1,2,i4j. 

(d) For any x,y € X, y € JT; — 8cl {x} if and only if x € T; — &cl {y}, 
_ZJ= 1, 2,14 J. 

(e) For any 7; — 6-closed set F and a point x & F, there exists a T; — 6-open 
set Usuch that x © Uand FC U,i,j = 1,2,i 4/. 

(f) Each 7; — 5-closed set F can be expressed as F = {(G: (\G is T; — 5-open 
and FC G},i,j=1,2,i4/. 

(g) Each T; — 5-open set Gcan be expressed asthe union of 7; — 5-closed 
sets contained in G,i,j = 1,2,i~/. 

(h) For each 7; — 5-closed set F, x & F implies T; — Sel {x}  F = ¢, 
i jem ly2, bY. 
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Proor : (a) > (b)—By Definition 4.1, for any x € X we have T; — 5 Ker {x} 
= (\{G: Gis T, — 5-open and x € G} and by Definition 4,3, each JT; .— open set 
G containing x contains 7; — Scl {x}. Hence T; — Scl {x} C T, — 6 Ker {x}, 
pe 12st 7. 

(b) > (c)—For any x, »y € X, if y © T; — 5 Ker {x} thenx € T; — dcl {y} and 
hence by (b) x € JT, — 5 Ker {y}. 


(c) > (d)—For any x,y € X,if y € MT — del {x} so x € T; — 5 Ker {y} and 
hence by (c) » € 7, — 5 Ker {x} implies x € T; — dcl {y}. 


(d) = (e)—Let F be a JT — d-closed set anda pointx & F. Then for any 
y € F,T™% — cl {y} C F andso x & T; — dcl {y}. Now, by (d) x & TM — del {y} 
implies y & T, — Scl {x}, that is there exists a T,; — 5-open set Gy such that y € Gy 
andx & Gy. LettG= peated : Gy is T; —é6-open, y € Gy and x & Gy}. Then G is 
a T, — 5-open set such hat x @G andF CG. 

(e) > (f)—Let F be a 7; — 35-closed set and suppose that H = ()\ {G: Gis 
T; — 5-open and F C G}. Then F C H and it remains to showthat H C F. Let 
x & F. Then by (e) there is a 7, — 5-open set G such that x © Gand FCG and 
hence x & H. Therefore, each T; — 5-closed set F can be written as F = ()\ {G: Gis 
T,—5-open and H C G}. 


(f) = (g)—Obvious. 


(g) = (h)—Let F be a 7; — 5-closed set and x & F. Then X — F = G (say) is 
a T; — 5-open set containing x. Then by (g),G can be written as the union of 
T; — 5-closed sets, and so there is a T; — 5-closed set H such that x € H C G; and 
hence T; — dcl {x} C G. Thus 7, — del {x} 1 F= ¢. 

(h) > (a)—Let G be a T; — 3-open setand x € G. Then x & X — G which 
is T; — 5-closed set, and by (h) T; — Scl {x} M (X — G) = ¢, which implies that 
T, — sel {x} C G,i,7 = 1,2,i+j. Thus Y is pairwise rRo. 


Definition 4.4—In a bitopological spaces (X, T;, T2), for any x € X, we intro- 
duce the following notations : : 


(i) bi-—dcl {x} = T, — del {x} M T, — del {x} 
(ii) bi—dKer {x} = 7, — dKer {x} M T, — dKer Hes 


| Theorem 4.3—In a pairwise rRo space (X, T,, T.), for any x and yin X, we have 
either bi — del {y} = bi—<dcl {y} or bi—Sel {x} A bi—8cl {y} = ¢. 


Proor : Suppose that bi—S8cl{x}() bi—Sel {y} # ¢, and let Z € [T, — 8cl {x} 
T, — del {x}] MN [T, — del {y} MN 7. — del {y}] then 7; — Sel {z} C T, — de} INT, 
— dcl {y} and T, — 8cl {z} C T, — del {x} 1 Tz — del {y}. Also Z ET, — 3c {x} 
which implies that T,—Scl {x} C T,— Sc] {y}, this is so, because by (d) of the Theorem 
4.2,Z € T, — el {x} then x € T, — Sel iz}, implies T, — del {x} C T, — dcl{Z} 
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C T, — del {y}. Similarly, Z € T, — 8cl {x} implies T, — dcl {x} C T; — del {y} 
and Z € 7, — dcl {y} implies T, — dcl {y} C T, — Sch {x} and Z E T, — del {y} 
implies 7, — dcl {y} C T; — Sel {x}, therefore T, —3cl {x} MQ T, — Sel {x} C T, — del 
{y} 1 T. — del {y} and T, — del {9} M Te — del {y} C Ti — Sel {x} A Te — del {x}. 
Hence 7; — scl {y} 1 T, — Sel {y} = T, — del {x} AM T, — del {x}. This proves the 
Theorem. 

Theorem 4.4—In a pairwise rRp space (X, T;, T,) for any x and y in X, we have 
either bi—3 Ker {x} = bi—SKer {y} or bi—dKer {x} ( bi—dKer {7} = ¢. 


Proor : By virtue of statement (c) of Theorem 4.2, the proof is similar to that 
of Theorem 4.3. 


Theorem 4.5—If a space (X, T,, T.) is pairwise rT), then it is pairwise rRo. 


Proor : If (X, 71, T,) is pairwise rT,, then by Theorem 2.3, (X, 7,) and (X, 7») 
are both rT; spaces which implies that 7, — dcl {x}={x}=7,—Scl{x}. Thus (X, 7), 7.) 
is pairwise rRo. 

It is easy to see that the converse of Theorem 4.5 need not be true in general. 


Theorem 4.6—Every pairwise rTy, pairwise rR» space is weakly pairwise r7;. 


Proor: Let (X, 71, T:) be pairwise r[J> and pairwise rRo space. Let x and y be 
any pair of distinct points of ¥. Therefore, there exists a 7; — 45-open set G,i = 1 
or 2, containing one of the points but not the other. Suppose G containts x (say). 
Since XY is pairwise rRo, x © G implies T, — dcl {x} CG,j = 1,2andj/i. Now 
x & X — T; — del {x} = M(say). Thus Gisa T; — S-open set containing x but 
not y and M is a 7, — 5-open set containing y but not x. Thus x is weakly pairwise 
rT. 

5. PAIRWISE rR,-SPACES 

Definition 5.1—A space (X, T1, T2) is said to be pairwise ri, if for every pair of 
distinct points x and y of X such that T: — Scl {x} # T; — Sel {y}, there exists a 
T, — 5-open set U and a 7; — 3-open set V such thatx E U,y E Vand U(\V = 4, 
fies 1; 27%}. 

Theorem 5.1—Every pairwise rR, space is pairwise rRo. 


Proor: Let (X, Ty, Tz) be pairwise rR, LetG@ be any 7; — }-open set and 
x €G. Foreach point y € X — G,T, — del {x} ATi — del {y}, so there exists a 
T; — 5-open set Uy and a T, — S-open set Vy such that x € Uy, y € Vy and 
UynVvVy=¢. IfA= UVy:yEXx — G}, then ¥ — GC A and x & A. T, — 3- 
openness of A implies T; — dcl {x} CX — AC G. Hence X is pairwise rRo. 

Theorem 5.2—A space (X, T1, T,) is pairwise rR, if and only if for every pair 
of points x and y of X such that J; — dcl {x} 4 T, — Scl {y}, there exists a Ti — 5- 
open set U and a T, — 8-open set V such that 7; — dcl {x} CV, T; — dcl {y} C U 
andUQV=4%,i1,j = 1,2,i4 J. 
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Proor: Let (X, 71, T2) be pairwise rR, space. Let x, y be points of X such that 
T; — 8cl {x} 4 T, — 8cl {y}, i, / = 1,-2, ix j. Then there existsa 7; — 5-open act 
UandaT; — 5-openset V such thatx EV, yE€ UandU(\V=¢. Since a pair- 
wise rR, space is pairwise rRo, therefore, x € V implies T; — del {x} C Vandy E U 
implies T; — Scl {y} C U, i,j, = 1,2,i4 7. Hence the result follows. The con- 
verse is obvious. 


Theorem 5.3—Every pairwise rT, space is pairwise rR,. 


Proor : Obvious. 


The converse of Theorem 5.3 is not true. However, we have the following 
result. 


Theorem 5.4—Every pairwise r7,, pairwise rR, space is pairwise rR,. 


Proor : Let (X, 7,, T,) be pairwise r7, and pairwise rR,. Let x, y be two 
distinct points of X. Since the pairwise r7, space is bi—rT7,, {x} is Tz — 5-closed and 
{y} is T, — 5-closed. Hence T; — &cl {x} -4 Ti — Sel {y}. Since X is pairwise rR,, 
there exists a 7; — 5-open set U and a T, — 5-open set V such that x € U, y € V and 
UV =¢. Hence X is pairwise r7>. 


Corollary 5.1—A space (X, T, T,) is pairwise rT» if and only if it is pairwise rT, 
and pairwise rR,. 


Theorem 5.5—Let A be a subset of a pairwise rR, space (X,7,, T:) which is 
N-closed relative to T, such that A ( T, — Scl {x} = ¢ for some x € X. Then there 


exists a 7, — 5-open set U and a T, — 5-open set V such that T, — dcl {x} C U, ACV 
and UM V=4¢. 


PRroor : For each »y € A, 7; — Sel {y} + T, — Scl {x}. Since X is pairwise rR,, 
there exists a T, — 5-open set Uy and a 7, — 5-open set Vy such that T, — 8cl {y} 
C Vy, T, — Sel {x} C Uy and Uy Nn Vy = ¢. But {Vy:y € A}is a T, — 8-open 
cover of a set A which is N-closed relative to 7, and hence admits a finite subcover, 


say (Vy: i = 1, 2,...,n}. LetU = BERL A U Vy. Then Vis T, — 5-open, 
ae oi 79 
Vis T, — 5-open and A C V, 7, ~ &l {x} CULUNV=¢. 
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The object of the present paper is to derive a result concerning Rarilevie fun: 
ctions of type 8 and order & defined in the unit disk. As special cases of our 
result, some results on the classes of convex functions of order 8 or of «-starlike 
functions are obtained. 


1. INTRODUCTION 


Let A denote the class of functions of the form 
Cc 
72) = 2-2) fa, 2° 
n=2 
which are analytic in the unit disk E = {z: | z | < 1}. Further let S be the subclass of 


A consisting of those functions that are univalent in the unit disk E. 


A function f(z) in A is said to be starlike if and only if it satisfies 


zf' (z) 
Re iO a) 


for all z € E. We shall denote by S* the subclass of A consisting of functions which 
are starlike in E. 


Note that S* C S, where S* is the set of univalent mappings for which /(E) is 
starlike with respect to the origin. 


We can easily verify that if f(z) € A and — 1/2 Sa< 1, then 


so, E 
Pa Se 


implies the univalence of f (z) (Ozaki?, Umezawa" or Pfaltzgraff er al.*). 





1 + Re 


A function f(z) in A is said to be close-to-convex of order « if there exists a fun- 
tion g (z) € S* such that 
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2f’ (z) 
se g (2) 


for all z € E, for some « (0 S « < 1). We denote by K (a) the subclass of A consist- 
ing of all functions which are close-to-convex of order «. 


ey! 


The class K (0) when « = 0 was introduced by Ozaki® and Kaplan’. 


Vv 
A function f(z) in A is said to be a Bazilevic function of type 8 and order P if 
there exists a function g (z) € S* such that 
zf' (z) 
ReF arb g @e 
for all z € E, for some B (0 < 8), P (0 S P < 1). We denote by B(8, Pp) the class of 
all such functions. 


> p vet teh) 


Vv 
Thomas" called a function f (z) satisfying (1.1) a Bazilevic function of type 6 
when P = 0. We notice that if 8B = 1 then B(1, 0) = K (0). 


By Bazilevic et al. it is easily verified that if f(z) € B(8, Pp) with O < 8 and 
0S P <1,then f(z) € S. 


Let A («, B) be the subclass of A consisting of functions satisfying 


for all z € E, for some real a, 8. 





The class A («, 0) when 8 = 0 was introduced by Mocanu’ and was studied by 
Miller et al.* and Sakaguchi and Fukui® among others. 


2. MAIN THEOREM 
We begin with the statement and the proof of our main result. 


Theorem—If f(z) € A (a, 8) with « > O and | B/« | < 1/2, then f(z) is univalent 
in E. Moreover, if 0 < — p/a < 1/2, then f(z) € B(I/a, 228/), 


Proor : Let us put 


na) = 5+ fa-a 








6 
zg’ (z) 
g (z) 


for f (z) in A (x, B). By the definition of A («, 8), we have H(0) = 1 and Re H(z)>0 
in £. It follows from this that g (z) € S*. A simple calculation gives 


ts (Sea | 





f' (ypiu-8) = eee (2) ei 
Ff (z)G-/0-Bd 2(%-B)/Q-B) 


SUBCLASS OF ANALYTIC FUNCTIONS 53 
and therefore we have 


z f' (z) = {22 eae 


Pye ese z 
Using the result due to Komatu that 


1 
aD Messe (z EE) 


for g (z) in S*, where the symbol - denotes subordination, we have 


{ 220). | -am # { vat jun (z € E). 


This shows that 


z f' (z) 
fiz is g(2) 


for | BJa | S 1/2. Moreover, if 0 < — B/« < 1/2, then we have 


Re > 0 (z € E) 


2f' (z) “ 
Re FQmr ear 7 7 ( € E) 


v 
which proves that f(z) is a Bazilevic function of type }/« and order 2°8/*, This com- 
pletes the proof of Theorem. 
Letting 8 = 0 in the Theorem, we have 


Corollary 1—If f(z) € A (a, 0) witha >0, then f(z) € B(I/x, 1). Further 
letting « = 1 in the Theorem yields 

Carollary 2—If f (z) belongs to A and satisfies 
ZJo (2) ~~ (z € E) 
fuleyiee 
for — 1/2 <= 8 < 0, then f(z) € K (278) and therefore f (z) is close-to-convex of order 
278. 


1 + Re 





Ozaki’ showed that if f(z) € A satisfies 
z f" (2) ; 

ee (z € E), ... (2.1) 
f' (2) : 
then f(z) is univalent in E and convex in some direction. By virture of Corollary 2, we 
find that f(z) € A satisfies the condition (2.1), then f(z)is close-to-convex of order 
1/2. 


1 + Re 
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An operator A on a separable complex Hilbert space is called k-quasihyponor- 
mal if A** (4*4—AA*) Ak > 0. If A**AKD (A* A)*, then A is defined to be 
of class (M;k). The classical Fuglede-Putnam theorem states that if A,B are 
normal operators and AX= XB for some operator X, then A*X = XB*, We 
prove that if {A, C}, {B, D}are doubly commuting pairs and AYD = CXB for 
some operator ¥ € C;, then A*¥D* = C*XB* under any one of the follow- 
ing conditions: 


(i) A, C, B*, D* are k-quasihyponormal operators and B and Care 
invertible 


(ii) A, D* are in (M; k); and B* and C are invertible with ther inverses 
being in (M; &). 


We also show that if A is 1-quasihyponormal contraction and [*—AA* 
€ C, then for any operator ¥, AX — XA € C, implies A*¥ — XA E Cy. 


By an operator we meana bounded linear operator ona separable complex 
Hilbert space H. Let B(H), C; and C, denote respectively the Banach algebra of all 
operators, the trace class and the Hilbert-Schmidt class of operators on H and let || ||. 
denote the Hilbert-Schmidt norm on C,, The class C, is a Hilbert space with the inner 
product <X, Y> = Tr (Y*X). 


An operator A is called hyponormal if A*A — AA* > 0; k-quasihyponormal if 
A** (4*A — AA*) A* > 0, k being a positive integer. It is clear that the class Q (x) 
of all kK-quasihyponormal operators contains all hyponormal operators properly and 
forms a strictly increasing sequence in k; and every invertible operator in Q (k) is hypo- 
normal. The class Q (k) has been studied earlier”’**. Inspite of the fact that Q (k) con- 
tains a large class of operators other than hyponormal operators, its behaviour in many 
respect is similar to that of hyponormal operators. 


If A**A* > (A*A)*, then A is defined to be of class (M; k). The class (M; k) was 
introduced and studied by Patel’. Clearly the class Q (1) coincides with the class (M; 2) 
and it is noted that for k > 2, every hyponormal operator need not be in the class 
(M; k) and vice-versa. 
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The classical Fuglede-Putnam theorem states that if A and B are normal operators 
and AX = XB for some X € B(H), then A*X = X B* (Halmos’). This result has been 
extended to various classes of non-normal operators including hyponormal and k-quasi- 
hyponormal operators'*"""9. Generalizing Fuglede-Putnam theorem, Weiss'® proved 
that if {A, C} and {B, D} are commuting pairs of normal operators then for any X¥ € 


B (H), 
|AXD + CXBll, = ||A*XD* + C* XB*|lp. 


In particular, 

(i) A*XD* — C*XB* € C, whenever AXD — CXBE Co 
and (ii) A*XD* = C*XB* whenever AXD = CXB. 

Furuta! extended the above result of Weiss to hyponormal operators with the 
additional hypothesis that Y¥ € C, and proved the following. 

Theorem A—Suppose A, C, B* and D* are hyponormal operators such that 
{A, C*} and {B, D*} are commuting pairs. Then for any ¥ € C,, 

|AXD+CXB\||, => ||A*XD*+C*XB*||,. 

In particular, he obtained the generalized Fuglede-Putnam theorem which states that if 


AXD = CXB and X € C:, then A*XD* = C*XB*. When C = D = IJ, this theorem 
includes a result due to Berberian’. 


Let us say that operators A and B doubly commute if A commutes with Band 5* 
both. In this paper, we show that in the generailzed Fuglede-Putnam theorem proved 
by Furuta, the conditions on A, C, B* and D* can further be weakened by ‘requiring 
that B* and C are invertible and {A, C} and {B, D} are doubly commuting pairs. 
Finally, we show that if A EQ (1) is a contraction and J — AA* € C, then for any 
X € B(H), AX — XA € Cz implies A*X¥ — XB* E€ C,, 


For given operators A, Bin B(H), let F be defined on C, by ZX = AXB. 
Then F is a bounded linear operator on the Hilbart space C, and W* ¥ = A* XB* 
(Berberian'). The following lemma is due to Furuta’. 


Lemma i—If A and &* are in Q (k), then [ is also in Q (k). 
We first prove a similar result for operators in (M; k). 
Lemma 2—If A and B* are in(M; k), then F is in (M; k), 
PROOF (GF TS oF" =F ee ee 
= A** 4" XB B*e__ (4*4)k ¥ (BB*)! 
= A** A¥ XB* B** — (4*4)* X (BEB*K) 4 (4*A)* BE BYE 
— (A*A)* X (BB*)‘ 


(equation continued on p. 57) 
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= [A**Ak — (A* A)*] XB* B** 
+ (A* A)* X [B* B** — (BB*)*). 
Since the left and right multiplications on C, by positive operators are again positive 


and A, B* arein(M; k), it follows that 7** GW* — (FW* F)* is the sum of two positive 
operators and thus FY € (M; k). 


Theorem \1—Suppose (i) A, C, B* and D* are in Q (k); (ii) B and C are invertible 
and (iii) {A, C} and {B, D} are doubly commuting pairs. If AYD = CXBand XEC.,, 
then A® YD* = C* XB*; 


Proor : Define FJ on C, by FY Y = C— AYDB-!. Since B* and C are invertible 
operarors in Q (k), they are hyponormal operators and hence B*~! and C~‘ are in Q (k). 
It can be easily seen that the product of doubly commuting operators in Q (k) are again 
in Q (kK). Therefore, C-' A and (DB-')* are in Q (k); and by Lemma |, F E€ Q (k). 
Now if AXD = CXB for X € C,, then FY X = X. Since non-zero eigenvalues of an 
operator in Q (k) are reducing”, we have Y* X = X and follows that A*X¥D* =C*XB*. 


Theorem 2—Let A, B, C and D be operators such that (i) A and D* are in (M; 
k); (ii) B* and C are invertible with their inverses being in (M; k); and (iii) {A, C} and 
{B, D} are doubly commuting pairs. If AXD = CXB and X € C,, then A*XD* 
= C*XB*, 


Proor : Since the product of doubly commuting operators of class (M;k) is 
again in (M; k), we have C*! A and (D B”)* and the operator F defined on C, by 
JF Y= C-) AYDB- all in(M;k). Moreover by the hypothesis, FY X = X. Invok- 
ing (Patel®, Theorem 4), we get F* X = X, that is, ATXD* = C°XB*, 


The following result extends Theorem 3 of Kittaneh® to the operators of class 
Q (1). 


Theorem 3—If A is a contraction operator in Q (1) and J — AA* € C,, then 
A*X — XA* © C, whenever AX — XA E C,. 
A, 


Proor : Let A = 0 rial be the martix representation of A with respect to 


the decomposition H = R(A) @ N(A*), where A, is hyponormal’, Since J — AA* 
E Cy, we have dim N (A*) < co. Thus 4 is of the form S + F, where 
S= hans is hyponormal and F = 5 ee] is of finite rank. Therefore 


0 0 
J — SS* =I — AA* + FF* € Cy. Now the rest of the argument for the desired 


assertion follows exactly on the same lines as that of Theorem 3 of Kittaneh®. 
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GENERAL GENERATING RELATIONS 


SAViITA KuMarI AND J. P. SINGHAL 
Department of Mathematics, M.S. University of Baroda, Baroda 390002 


(Received 15 September 1986) 


Following the work of Srivastava and Buschman’, a number Of generating 
functions have been derived here for the set of polynomials { fe (Hai: m)} 


introduced into analysis by Singhal and Savita Kumari?. 


1. INTRODUCTION 


Earlier in an attempt to present a unified treatment of the various polynomial 
systems introduced into analysis from time to time, and to provide an extension of a 
theorem due to Mittal*, Srivastava and Buschman’, gave the following theorem : 


Corresponding to the power series 


[oe] 
F(u) = 2 v, u", Yo #0 nas( Ly 
let 
SS (=n (1 ta + (8 + 0) 
(«By /, . ws "ak a Ak k 
Soe 5) = Dea eo Meat 
k=0 
and 


6 (n, q; «, B, Y, A; u) 





- > Y : 6+ 1) il 2 ee UE ca ue ged we tee: 


way 


where «, 8, y and A are arbitrary complex numbers, 4 is a positive integer, and n = 0, 
| apt Bee 


then 
co 
ot 6 Ss Oe is (P. re) 9) (A; x) 1” 
ieee aah n ce ee 
n=0 


= (1+ w)*¢(x(— wt (1 + w)4, — w/(1 + w)) ...(1.4) 
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where, for convenience, 


é (u,v) = 3S O(n, 9; 4, By, Aju)" (1.5) 
n=0 
and 
w= t(1 + w)Pt, w(0) = 0. ...(1.6) 


(%>B) 


ng 


The polynomial set {s (A; x) | considered by Srivastava and Buschman’, 


though quite general, does not include the set of polynomials { fs (x ¥ee. m) intro- 


duced by the authors*”, As such the above theorem is not applicacle to 1 tp (xr). 
It would, therefore, be of interest to obtain the analogue of the above mentioned 


theorem (which we give in section 2), involving the polynomials fe (x, y, r, m) abbre- 


viated as f° (x) here-in-after wherever there is no ambiquity regarding the other 
parameters. 


2. GENERAL GENERATING RELATION 
Theorem 1—Corresponding to the power-series F (uw) given by (1.1) 
let 


[n/m] 
i (x) a DS 4 — oe a Oe (-— y)* Yn-—mk xa-mk mee 28 5 


k=0 





and 


S, (m, c, So, r, u) 


= x —¢—y—rk\(n + k[m — yf(om)\_ 
7 >, saa n )( bac vit N= aut nlaee) 


k=Q 


where c, y, 6 are arbitrary complex numbers, r is any integer, 


mis a positive integer 
andn = 0, 1, 2, ... 


Then 
3 peer ke! 
= (1 + yEm)-e @ x§ weg 
1+ ypémy °? i Sean Sante BR fc} 
where (= y &") 4 sey ) 


E=r(1+ ym) EC) = 0 .(2.4) 
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and, for convenience 


io 2) 
D(u,v) = as S, (m, c, 6, r,u) v". ate. 5) 


In order to prove this theorem, we first observe that f< (x) may be expressed 
in the form 


[n/m] 
fi) = > i c— ts + rmk ) yk yg nomi ...(2.6) 
k= 
so that 
oo 
y ge 4 
»S vy — on fr (yt 
oo 00 
ea Ean Stearn ears: 


k=0 


& c— ee rex) (vim, (2.7) 


The inner series may be transformed by making use of Gould’s identity (Gould’, 
p. 196) 


a + bk 


=e S or?) (* 4") (4) 





k=0 

wep) 
where w = f (w + 1). 
As a result, the right hand member of (2.7) becomes 
eates “<< Y fea ¢c- Y= Ce a SA 
hate P57) y= on k k 

n=Q0 k=O 

(qe ) (- peers . (2.9) 
(1 + vam)’ 1+ y&™ 4 


where from the theorem follows, at once. 
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On the other hand if we express the binomial coefficient occurring in (2.6) in the 
form 


Gas ise: 1) ("le A ...(2.10) 


and follow an analysis similar to Theorem | we shall get another theorem in the form: 
Theorem 2—In terms of power series F (u) by (1.1) let 


tt (m, C, 9,7, u) 


co 


~ SS 1 ¢ — yy —1 + rk/m’ ( +k/m+y](mo+1)\_, 
ay + (¢ + I/m)* n ) n 


=@ 
x vy. u* Geils 


where, as before, c, y, ¢ are arbitrary complex numbers, r is any integer, mis a posi- 
tive integer and n = 0, 1, 2, ... 


Then 
co 
Hf C+ on n 
ee (@ + mn fn OE 
n=0 
= (1 + wy? K(x (1 + w)te, —w/(1 + w)) ae i Be) 
where 
em YI 8) ee) ee one(el3) 
and 
Kwyvy= ET 
y= yn 
(u shel, (m, c, 6, r, u) vy”. wlaska) 


3. PARTICULAR CASES 


When c = Q, it is easy to see that S, > 0 form = 1, 2, ... and Sy > F (u), there- 


fore the generating relation (2.3) — (2.5) would reduce to the generating relation 
[Singhal and Savita Kumari‘, eqns. (1.4), (1.5)] 


(1 + yrm)-« e| z, aera = Ss fe (xn ee) 


n=) 


where 


G = 5 AP n 
El— 2 2%, 4 £0. .--(3.2) 
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Next, we observe that S,, > (mo)" F (u) and 


F (u) 


® (u, v 
( Low's a pemmeggeerven , when y > c9, 


Consequently, the particular case y —> ©° of (2.3) — (2.5) would yield the generating 
relation [Singhal and Savita Kumari‘, eqns. (2.1), (2.2)] 


co 


c+on ae (1 + ywm)t-e xw 
S iP (x) °.= Met i cniwn Sriecemien G (1 + ywm)r ] Bet RED 


n™=0 


w = ¢t(1 + yw™)-¢, w (0) =0 ...(3.4) 
and G [z] is given by (3.2). 
Further, when y = c — 1, r = 1/m, the generating relation (2.12) — (2.14) 
would reduce to 


co 


c—]1 yt on 4 
SS ¢—-1+6+limn fr" (X,Y, Alm,m) t 
n="0 
exe (yt ete) 713) 
where 
wa 1] — pr yuet!, 7 (0) = 1 -ec(3:0) 
and 
< J 
2S ee ee ee ..3.7) 
tne => Te : ( 
k=O 


The above generating relation may also be expressed in the alternative from : 





> el at z 1/m)n fo" (XY, Vim, me" 
n=0 
= (1 + yn)? A[(—1)*™ xa] et .3) 
where 
pian (Li te ...(3.9) 


and H (z) is given by (3.7). 
The substitution « = — 2/m transforms (3.5) — (3.7) to 


Ci c-2nl m n 
5 fet dE: (x, y, 1/m,m) t 
c—1—nlm I, 


n=0 (equation continued on p. 64) 


64 SAVITA KUMARI AND J. P. SINGHAL 


i (e © | - (' + oe 


2 / 2 
(ah OY 
where 
co 
®(z) = >= 1% 2" (3.11) 
c—1—k/m ie 
k=0 
whereas for s =— |/m it evidently reduces to [Singhal and Savita Kumari‘, eqn. (2.8)] 
with r = 1/m, that is 
a ¢-nlm 
= he" (yy, Ummm = (1 = yee G [xt] 3.12) 
On the other hand on putting s = 0, we shall get 
co 
> c - ) ] " 
Py ie Fy, (X, 9, I/mym) t 
n=0 
= l yim\l-¢ 6 xt 
(1 + ymyreg (Ee ) _..3.13) 
where 
oo 
=n ee 
6 (z) = > €= Ltakin= Yk 7 eA SE: 3 
owt 


and on putting o = 1/m, (3.5) — (3.7) would reduce to 


co 


rel C+nim 
> te SO Gy timmy 


n=0 


= ( L+V/l + 4yt™ jee olxr ( LAWI + 4ytm\72 

Ta = 
tanta 

where be 


$ (2) = > ae anes Waele 
( Go. Od eae (3.16) 


7 : 
he relation (3.5) — (3.7) may also be stated in the form of following theorem : 


Th _ 
eorem 3—Let {p, (x)} be the polynomials Possessing the generating relation, 
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oo 
“e (leraywe) * xw 

ay Pn (x)t™ = BE OR GEST role Slag ywmyitm ] euovkiy 

n= 


where w is given by (3.4) and G [z] is given by (3.2), then 


co 

Cc — 5] 
> oa CaM ee ...(3.18) 
n=0 


where u and H are given by (3.6) and (3.7) respectively. 


When o = — 2,c = 1 —a,y = 1andm = 1, Theorem 3 would particularize 
to the known Theorem 1 given in McBride? (p. 85) whereas if we puts = 1, y = — 1, 
m = 1 and replace c by | + a, our Theorem 3 would correspond to its particular 
case given in McBride’ (Theorem 2, p. 85) 


Another worth mentioning particular case of our Theorem 3 is the known result 


% (x+Bn) n 
Saar sadoiaet 
a a/(8 +1); 
wa ( 1S E)™ Fy Rota ers -- xt | (3.19) 


where 
E=1(1 + &)F4, £(0) = 0 


derived earlier by Srivastava® (eqn. 2.4). 
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AN IMPLICIT NAVIER-STOKES SOLVER FOR TWO-DIMENSIONAL 
TRANSONIC SHOCK WAVE-BOUNDARY LAYER INTERACTION 


N. S. MADHAVAN AND V. S\WAMINATHAN 


Applied Mathematics Division, Vikram Sarabhai Space Centre 
Trivandrum 695022 


(Received 5 August 1986; after revision 23 July 1987) 


A code has been developed using an implicit numerical scheme for solving the 
two-dimensional unsteady Navier-Stokes equations for the transonic shock 
wave-boundary layer interaction problem. The method is an adaptation of 
the implicit Mac Cormack scheme for viscous compressible flows. The 
technique is illustrated by applying it to study the flow past an 18% symmetric 
circular arc airfoil. A coordinate transformation is made use of to facilitate 
direct application of the method. Numerical results obtained through the 
software, for surface pressure distribution and skin friction exhibit reasonable 
agreement with those got earlier by Deiwert using an explicit integral scheme. 


1. INTRODUCTION 


The problem of tronsonic shock wave-boundary layer interaction is of consi- 
derable importance in the context of aerodynamic design and has been currently 
engaging the attention of researchers’”. The present paper is an attempt to numeri- 
cally simulate the flow field for this problem with the aid of an implicit Navier-Stokes 
solver. The scheme is analogous to MacCormack’s implicit numerical method for 
solving unsteady two-dimensional Navier Stokes equations*”’®. 


The details of the flow field under investigation are depicted in Fig. 1. The 
freestream flow is subsonic and a supersonic flow region is generated between the 
FREESTREAM 


FREESTREAM 


M 


SONIC LINE 






BOUNDARY LAYER 
2— SEPARATION -BUBBLE 


SYMMETRY SYMMETRY 
AIRFOIL 


Fic. 1. Flow past circular arc airfoil. 
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leading and trailing edges of the airfoil. This supersonic flow becomes subsonic by 
passing through a standing shock. Ifthe shock is sufficiently strong, boundary layer 
separation can occur. 


2. GOVERNING EQUATIONS AND TRANSFORMATION 


The two-dimensional unsteady Navier-Stokes equations may be written in 
Cartesian coordinates in conservation form as 


aU OF 0G 


a baaee asi TS (A) 
where 
f } fi ) 
LS ga aaa | 
| | pur Ox | 
{| Pu | | | 
Sa A -pysel Senta abe Te | 
B | 
| | ee 
KG j a Ox) u + Tyx V k ax J 
[ ) 
| Puy + tyx | 
G = | py? + Oy : ea(2) 
| oT | 
[ (e + Gy) Vv a. Txy Us k oy J 
and where 
ou ov Ou 7} 
oop A(H + 5S) 2H as | 
| 
O1 ev ov 
oy =p-a(e t So) —2n a | 
| 
Ou ov | 
tee Te eee a (= ; = | J (3) 


in terms of density P, x- and y-velocity components u and v, viscosity coefficients 
A and p, total energy per unit volume e, coefficient of heat conductivity k and 
temperature 7. Finally, the pressure p is related to the specific internal energy e; and 
p by an equation of state p (e;, P), where 
e Pare 
Lf | a 7 EME 
The transformation & = x,y =v — R(x), where y = R(x) represents the 
equation of the body surface, is made use of to obtain rectangular computational 
plane. EquatiOn. (1) then becomes 


BUCO peal etry ...(4) 
a Be oe 
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where 


ped Meee tO 5 or 
x 


For an 18% symmetric circular arc airfoil of chord length unity, for instance, 
the equation of the body surface, referred to rectangular coordinates with the x-axis 
along the chord and origin at one end of the chord, is given by 


x? + yp? — x + 2.68778 y = 0 ...(6) 
and, consequently, the transformed cooidinate 7 = 7 (x, »)is obtained as 


1 = y — 3 {— 2.68778 + [7.22416 — 4x — 4x*}'/?}. mG 


3. IMPLICIT FINITE-DIFFERENCE SCHME 


Following*?, an implicit predictor-corrector scheme may be defined for the 
numerical integration of the transformed equations as follows : 


Predictor 
AU, = — Aas Fy + gt G7). 
(1- ar |41.) (7= ar 2 1B.) au ites Moa Mat 
ynth _ un + aunt 
Corrector 
Ni es alae © falter <— = git!) 


5s a 
(1+ ar ee |A|.) (14 a0 3 |B|.) sur = aunt 


43 
un = a| uy, Eby oes anal B (8) 


The matrices | A | and | B| have positive eigenvalues and are related to the 


_ OF" 8G’ 

sen A (= a) and B ( = ): Let Se and S»; and their inverses denote 
the matrices that diagonalise A and Bwith » = A = k = 0, i.e. with the viscous 
terms neglected. Then, with perfect gas relations, A and B may be arranged as 


A= Sy" Ma Se 
and 


B= S~* 
a Ap Sa “i (9) 
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where 
: ; — B uB vB 2 } 
Cc Cc C: i oe 
Ss = | ‘—uc +68 c—up — vB p | 
| abe 0 | 
| p p : | 
luc +e«B —c—uB —vp 6B | 
f es aB up vB ep 
| oa cr ce  ¢ | 
"a Ny U wh Nx 0 : 
| Pa p en Dae 
aegis ; : | 
A rd Sei 3 nS es 
° (apo) 6, (BS ua) 2, (%2—p) fp | 
HB (ae +e) a (%£ +up) (2 +8) a | 
..(10) 


a = xu + ny, a» = (7; nt vi as 


1 


a = } (u? + v?), 8 = v — 1 and B; = V2eC" 


44 and Ag are diagonal matrices with diagonal elements (u, u + c,u, u — c) and 
(%,, “1, % + C%, 4, —- C%), respectively 


The matrices | A | and | B| are now defined by 
| A| = S,'DaSe 


and 


| B| = S,’ Dp Sn reo. 


where D, and Dz are diagonal matrices with diagonal elements A4;,i = 1, ..., 4 and 
As, i = 1, .. , 4, Aas and Ag; being formed as 


2 1A 
has = Max { |u| + AN =1 5 5 0.0 | (12) 
2 1 An 


and so on and 


.= Max { A + 2p, 2 ...(13) 
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For regions of flow in which Ar satisfies the explicit stability criterion, all Aa; and 
Agi Vanish and the set of difference equation (8) just reduce to those of the explicit 


method. 


4. COMPUTER PROGRAM 
A computer program was developed in FORTRAN for carrying out flow field 
calculations by the above method for transonic flow past 18% thick circular arc 
biconvex airfoil and was made operational on the CDC Computer of Vikram Sarabhai 
Space Centre, Trivandrum. 


5. INITIAL AND BOUNDARY CONDITIONS 


The airfoil which is initially at rest is impulsively started at time zero at the 
desired freestream Mach number and pressure. At a sufficient distance upstream of the 
leading edge (in this case 8 chord lengths), the flow is assumed uniform at freestream 
conditions (u = u,v = 0). A similar assumption is also made in respect of the flow 
at the upper boundary, 6 chord lengths away. The downstream boundary is posi- 
tioned far enough downstream of the trailing edge (9 chord lengths away) so that the 


é 
gradients in the flow direction can be regarded as negligible (3 = 0 ) . The 


surface of the airfoil is taken to be impermeable and no-slip boundary conditions 
are assumed (u = v = 0). This is effected by assuming a fictitious layer of mesh 
inside the airfoil where the values are assigned after each iteration asuy = — 1, 
Yo = — Vy, Po = Pi To = T, and Po = f;. No special treatment is required for 
separation which will naturally develop as the marching in time progresses. The 
airfoil is taken to be adiabatic, and ahead and behind it, the flow is taken to be 
symmetric. 


6. MesH SCHEME 
Figure 2 desribes the mesh scheme used in the physical domain, while Figure 3 
gives scheme in the computational or transformed domain. 


A 40 xX 30 mesh system was used in the program. Along the &—direction, a 
two-mesh system of a stretched mesh of 10 points fore and aft of the airfoil anda 





Fic. 2. Mesh about typical circular arc airfoil. 
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Fic. 3. Mesh system and boundary conditions in transformed computational plane. 


uniform mesh of 20 points over the surface of the airfoil was applied, while in the 
y-direction a stretched mesh was used. 


As the airfoil is thick and the flow is transonic, boundary layer separation is 
likely. To simulate the phenomenon reliably for turbulent flow, it is necessary to 
resolve the boundary layer to the sublayer scale. This sublayer scale can be taken to 


be nearly proportional to 1/\/Re MacCarmack and Baldwin’ so that for high 


Reynolds number flows of interest, the mesh resolution near the airfoil surface will be 


c 
extremely fine. In the present case, we have chosen Aypin = $. —, where c the 


“/ Re 





chord length. 


7. TURBULENCE MODEL 


The well-known Cebeci-Smith’s zero-equation equilibrium model of turbulence! 
was applied. Thus the eddy viscosity € is evaluated using 


€ = min («, €o) (14) 
where «; is the eddy viscosity in the inner region given by 


e; = 0.16y? [1 — exp(— y V TwP /[26p)] be PH p el iY) 


while eo, the outer eddy viscosity, is got from 


§ 


y 
€9 = 0.168 tmax P J (1 Sear |Umax) dy . (16) 


where 


Ou 
oe ng | — pe fig 3 
an B ie ie 


and Umax is the maximum velocity in the profile extending from y = Oto y = ys. 
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8. COMPUTATIONAL DETAILS AND RESULTS 


The data processing rate was about 7.6 sec per iteration, i.e. 6.3 X 10-% sec per 
grid point including prediction and correction. This is, on an average, about 60% 
more than that for the corresponding explicit scheme. Thus when a Courant number 
of 5 was used, the implicit numerical scheme took about one-third of the correspond- 
ing time for the explicit method. Courant numbers upto 10 could be used without 
any difficulty. A maximum number of 1180 iterations were required to obtain con- 
vergence when the difference in the values of the flow parameters became less than about 
0.1% (Shang and Hankey’) and this took about 2.5 hours on the computer. This 
compares very favourably with the computation time to reach steady state reported by 
Deiwert for similar problems on CDC 7600 computer'. It is found that, in the 
process, the soulutions have been carried out fora time corresponding to the mean 
flow travelling approximately 2.6 chord lengths. Itis also observed that for the 
implicit method, the memory requirement is marginally more owing to the fact that 
the A u’s of all elements of the state vector need to be stored. Thus, for the 40 x 30 
mesh system used, while the explicit method requires about 3 x 104 60-bit words of 
core memory, an additional 6 x 10° words will have to be available for the implicit 
case. In other words, the increase in memory requirement for the implicit scheme is 
of the order of 20 per cent. 


Figure 4 presents the computed pressure co-efficient variation over the surface of 
an 18% thick symmetric circular are airfoil corresponding to Mach number 0.775 flow 
with a Reynolds number of 10°. As can be noted, the results are in good agreement 
those of Deiwert' through an explicit integral scheme. The inviscid pressure distri- 
bution, obtained through an Euler code of the present authors!” for the same problem, 
is also shown for comparison. The viscous solution lies to the left of the inviscid 


PRESENT METHOD 
——-- EXPLICIT METHOD 
“—-— INVISCID CALCULATIONS 
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Fig. 4. Pressure coefficient over 18 percent circular arc air foil (M..=0.775, R.= 10) 
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——— EXPLICIT METHOD 
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Fic. 5. Skin friction coefficicnt. 


solution because of the boundary layer displacement effects. It is observed from the 
pressure distribution that the shock is centered between 73 and 78% of the chord. 


Figure 5 describes the variation of the skin friction coefficient over the airfoil 
surface which is again in reasonable conformity with Deiwert’s computed values’, 
exhibited in the same figure. 


9. CONCLUSION 


An implicit numerical method, an adaptation of the well-known MacCormack 
scheme, for solving two-dimensional unsteady Navier-Stokes equations transformed 
into a rectangular computational domain is presented in this paper. The scheme is 
applied to simulate high Reynolds number transonic flow past 18% symmetric circular 
arc airfoil and a computer program developed for the purpose. The numerical results 
for surface pressure distribution and skin friction coefficient, obtained through the 
software, exhibt good agreement with the earlier computed values of Deiwert. The 
new method entails a substantial reduction in the computation time while retaining 
second-order accuracy. 
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Using an orthogonal coordinate system along a generic spatial curve, 
Germano}, the problem of fully developed viscous flow in a helical pipe is 
studied. Assuming that the curvature « and torsion + are small compared to 
the radius a of the pipe, i. e., xa = « <1, ta = € 4 < 1, such that A = O (1), 
the flow field is sought as a regular perturbation scheme of the main Poise- 
uille flow, in powers of e. Analytical results obtained up to O (€?) show that 
the effect of torsion on helical pipe flow is a second order one, while the effect 
of curvature is a first order one. It is observed that the induced second order 
flow field due to torsion is linearly dependent on the cotangent of the helical 
angle of the central axis and the corresponding velocity profiles deviate 
symmetrically with respect to both the conjugate diameters of the circular 
section of the pipe. However, the flow rate remains independent of torsion 
upto the order considered. In the limitting case of 4 = 0, the solutions of 
toroidal pipe flow are recovered. 


1. INTRODUCTION 


Curved configurations of circular tubes—such as toroidal coils, helical coils and 
spiral coils—are increasingly used in industrial operations involving heat exchangers, 
chemical reactors, rocket engines etc. Experimental investigations have shown that the 
flow patterns in curved tubes are significantly different over straight tubes. Dean’* was 
the first person to study theoretically the flow ina curved pipe using concentric 
toroidal coordinate system. A secondary flow which divides itself along the diameter 
of the tube to constitute two sets of distinct recirculating vortices was established. 
Superposing the secondary flow on the motion along the channel, he showed that the 
resulting flow of a fluid element corresponds to a skewed helical motion. These there- 
otical investigations of Dean’ were in complete agreement with dye-injection experiments 
of Eustice*’*. However, the effect of curvature was not seen in the flow rate, up to O («) 
considered, the parameter « characterising the curvature ratio of the pipe. Subsequently 
Dean® generated higher order terms approximately, to see the said effect. Extending 
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Dean’s work, Topakoglu® obtained exact solutions for the flow field up to O (¢*), and 
significantly brought about a correction to Dean’s® flow rate. Numerous authors later 
utilised Dean’s coordinates to investigate the various aspects of fluid flow in toroidal 
pipes. But not much of a literature is available for flow in helical pipes which involve 
both curvature and torsion. 


Wang’ was the first person to study the effect of curvature and torsion on the flow 
in a helical pipe of circular cross-section. Introducing a non-orthogonal helical co- 
ordinate system and writting the continuity and Navier-Stokes equations for an incom- 
pressible viscous fluid in tensorial (Contravariant) form, Wang developed a perturbative 
analysis for the flow field in terms of the parameter ¢, characterising the curvature of 
the central helix. His analysis is valid under the assumption that both curvature « and 
torsion t are small (i. e.) 


a=e<il,ta =e <1 


such that the ratio A of torsion to curvature is of O(1). The volumetric flow rate 
obtained by Wang shows that torsion does not affect the flow rate, to the O (ec?) con- 
sidered, and hence deservingly agrees with that of Topakoglu®. However, his secondary 
flow field reported upto O (e) was not correct as he had failed to correlate his analysis 
with physical covariant description. Consequently his observation of secondary flow 
(for non-zero torsion) reflecting asymmetrical recirculating cells is misleading. This cri- 
ticism was brought out by Germano'. Suitably modifying Wang’s coordinate system, 
Germano introduced an orthogonal curvilinear coordinate system along generic spatial 
curve spanning the helical pipe. Deriving the governing equations of fluid flow with 
respect to the new frame of reference, he developed a similar analysis to that of Wang. 
Equations determining the first order perturbed velocity field of the main Poiseuille 
flow, were seen to be identical to those of Dean®. Hence without solving, it was possi- 


ble for Germano to disprove Wang in a simple way that torsion does not cause first 
order effect on motion. 


It is therefore reasonable to ask at what stage and how torsion can influence the 


flow. The analysis of Germano is extended up to O (¢*) in the present paper, to provide 
an answer to this query. 


2. ORTHOGONAL COORDINATE SYSTEM AND EQUATIONS 


The steady, laminar flow of an incompressible viscous fluid in a helically coiled 


pipe, at moderately low Reynolds number is considered. The fluid transportation is 


caused due to pressure drop along the pipe. The central axis of the pipe, with reference 
to an arbitrarily chosen triad OXYZ, is described by 


Bi raves s’ ‘ ‘ i , 
bs’ 
(BF + ci? 


A 


a k. 





sate 
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s’ measures the arc length along the curve, c is the radius of the circular cylinder on 
which the helix is coiled and 27b is the pitch. Use of Serret-Frenet formulae gives the 
curvature « and torsion + of the central helix (2.1) as 


x = ¢[(b? + c?), + = b/(b? + c?). Py? 4) 
Let T, N, B denote the unit tangent, normal and binormal at a point P, of the central 
axis. The N = B plane cuts the helical pipe in a circular section of radius a. The 
position vector of any point P in this section, Wang’ is given by 


X (s') = R(s') + r' cos 6 N (s’) + r’ sin 6 B(s’) (2.3) 


where r’ measures the radial distance PP and @ the inclination of P,P with N at Pi. 
Computing the metric, one can see that the coordinate system (s’, r’, 6) is non-ortho- 
gonal. Making use of the fact that the origion of angle @in the plane normal to 
the axis is arbitrary, Germano! constructed an orthogonal coordinate system 
(s‘, r’', 0 + 6(s’) + 4x), Fig. 1, where @ measures now the inclination of the radius 





Fic. 1. Germano’s coordinate system. 


78 M. VASUDEVAIAH AND R. RAJALAKSHMI 


vector P,P to an arbitrary direction in the normal section, the direction being charac- 


A 
terised as inclined to the principal normal N at an angle 47 + ¢(s’), with ¢ being 
defined by 


/ 


$(s’) = — J ss’) ds’ .Q4) 


0 
q = (u’, v’, w’) denotes the fluid velocity at P. In terms of dimensionless variables. 
s=s'ja,r=r'Ja,u=u'[U,v = v'/U, w = w'U, p = p'/pU? BU HEY, 
the equations of momentum and continuity in Germano’s system are given as 


Du + ewu [v sin (6 + 4) + w cos (9+ ¢)] = — w oe 








] ) l ou ‘ 0 
+ [E+ EYE tate oe 08) 


r 


eee l ou oy 
oba! Faas (> Sey + ewu cos (@ + ¢) — w Bela )] ...(2.6a) 








r @@ r Os 
2 
Bish eae sin(@ + ¢) = — ade 
or 
ce Lee l o Ow w 1 oy 
R ( , apes e® Cos (9 + 6)) ($Y a eas seers =) 
é ov ou ; 
a er eg ee emi (Bate 4)) | ...(2.6b) 
Dw + = — eou’ cos (6 + ¢) = =s # 
il. no , ow w l ap 
+ elle tesne +9) NG Ses acy 
ms Pallad (0s i P ow 
@ as ( r 26 + ewu cos (6 + $) — w as )] --+(2.6¢) 


( Ou + dy + ] ow ¥ ° 
at tr. ee +f r + [vy sin (6 + 4) + w cos (6+¢4)] = 0 


...(2.6d) 
where 
o ra) w @ 
D= on ~——-+y — 
OU Bs Ba a 6 ; 26 
© = I/[l + er sin (@ + $)], R= Ualv. “2.7 


The reference velocity U is the central velocity of the main Poiseuille flow. 
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The boundary conditions are the usual no-slip conditions on the body, viz., 


Gg = (0,0,0) onr = 1, 28) 


3. SOLUTIONS—FiIrRST APPROXIMATION 


It is assumed that both curvature and torsion are small, but their ratio is appre- 
ciable i. e. 


ra=e@1,ca=eA Z1,A= O(I). “Ga 


Taking the Reynolds number R- to be of O (1) and neglecting the end effects, the des- 
cription of the flow through the helical pipe can be obtained as a perturbation of the 
main Poiseuille flow. Hence one can look for solutions describing the fully developed 
helical flow in the form 


“u =u (r) + eu, (r, a) + 2 uy (r, «) 4+ ... ...(3.2a) 

Vess1e¥y (0, O)4-.8 Vall, 4) os .-.(3.2b) 

w= ew (ra) + ewy(r,a) + ... .. 3.2c) 

p = po(s) + € pi (r, «) + & p.(r, «) +... se KEAN 
where 

06+ 6 = 4. sei33) 


The primary flow obtained as the zeroth order of the equations (2.6) is the well known 
Poiseuille flow, viz. 


uy (r) = 1 —'r’? ...(3,4a) 
Pi) =- as. ...(3.4b) 


The equations determining 1, ¥;, "1 and p, may be seen to be identical to those of 
Dean? and hence the corresponding solutions are 


u, = U, (r) sin «, 23-5) 
vy, = Vi (r) sin «, 
w, = W, (r) cos «, 


P, (r) sin « ...(3.6) 


> 
Il 


where 
R? 
3 e 
Ulin) auth rn) | - 4 =f T1530? — Qir? -+-'9r? — | 
ail 3, 1B) 
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W= 7-7) (3.16) 

W, (r) = ae (1 — r2) (4 — 23r? + 7r4) ...3.Te) 
and 

P,(r) = ie r(9 — 6r? + 2r*). ...(3.7d) 


It may be noted that the solutions obtained so far are independent of A, unlike that of 
Wang’. 


Hence to bring out the effect of torsion on the flow, one has to obtain higher order 
terms, hitherto not studied by the earlier workers. 


4. SoLUTIONS—SECOND APPROXIMATION 


The second order terms (u,, V., W., P») of (°.2) are the solutions of the following 
set of equations: 





d : 4 
Vo pid J | uy Ui cosa + V, aU, sin? « -+ UW, Cos? « 
dr dr r 


- + uo V, sin? « + uy W, cos? « 





a 2 dpy ° 9 ] é ] ou, 
= XP, cos « rs (Sin a + rile +t = Fe 





l 6 len: ; : 
+ —-* (= pa) + Ur sinta — ruy sin? a + AV, cos « 


r 0a r 
U AW 
+ pane cos 24 — uy cos 2x — pes COS « ] ...(4.1a) 
Wy 


2 * 9 * 9 , 
ru, sin? « — 2uo U, sin® « rats cos? « — A uy V; cos x 


ai eee 
eae er me 





Vy Woe 
cos? « 
“ 
aS Py el a (24+ Ow, 1 ov, 
ar Regal or Bee Ne or r 5. ) 


W dw V 1 1U 
+ ( aes a x — ec ) cos” « —A uycos a—A i cos a |..(4.1b) 


V W, si 4 VW; . if - 
1 Gp Sima cosx% + ; SIM & COS a — ; Sin 4 cos « 








(equation continued on Pp. 81) 
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+ AugWi sin a — 2u9 U, sinacosa + ru’ sin « cos « 
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is) 
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These equations suggest one to look for solutions in the form 
uy (r, %) = Uno (r) + Us, (r) cos « + Use (r) cos 2 « 
Vo (r, *) = Voy (r) + Vo, (r) cos « + Veo (r) cos 2% 
We (r, &) = Wi (r) + We, (r) sin « + W,.(r) sin 20 
Po (r, &) = Poo (r) + Po, (r) cos a + Pe, (r) cos 2 « 


subject to the conditions that they remain finite as r > 0 and vanish on r = 1. 


...(4. 16) 


— XU, cosa + V, sin* « + W, cos? « = 0, 


..-(4.1d) 


.»(4.2a) 
.. (4.2b) 
.-(4.2c) 
..(4.2d) 


The respective solutions U,,, V,;, W,; and P2, (j = 0, 1, 2) are obtainable follow- 
ing a straight forward sequential procedure, though involving voluminous algebra. 


The consolidated results for the velocity and pressure fields up to O (e*) are given 


below. 
R’ 


u=(l— rf ae r{— > + T1530" (13 -—21r? + 9rt—r) | sin a 


2 
, R 


2 pas ag Os = bh en Oars, 2 oo 4 
ie | (3 — Ur?) = sapqpp— (148 + 43r2 — 132r 


32 
R' 
brs wena Agia i 5801200 


(4119 — 17161r? + 29179r4 


— 26261r® + 135698 — 4015r!° + 605r?2— 35r™) + ar ( 3 (29 


R® 
+ 5r° — 3r') + 59930400 


— 130Ir® + 274r® — 207%) ) cos « + r? ie ~. a3 


(2969 — 438Ir? + 3249r' 


2 
e 


276480 


(equation continued on p. 82) 
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R* 


(463 — 613r? + 296r* — 40r®) 5 (145690 


11705057280 
— 240206r2? + 174649r4 — 70547r® + 19123r8 — 280Ir'® 


+ 160r}*) ) cos 2 « \| + O (e) ...(4.5a) 


R R 
ee 2)2 e 2) cin « 2 € ‘4 —p2 
v= (1 r*) | sae (4 —r’) sina + « { 576 r (4 —r’) 





R? 
] e 
ites te 2 a 6 
+a(s + 69120 (13 15r2 + 7r r®) ) cos « 
Re 
R. 9 Ls % 2 4 
z r( Say 3 — 8°) — B555gggpg — (4979 — 27920 + 777 
— 134r° + Sr) ) cos 2 « | ]+0@ ---(4.5b) 
w = (I ~ rh sets (4 4 237 aT r8) con greet) (- be 
288 12 
R* 
(2 —r9)— —Spq— (13 — 2240? + 266r4— 12475 + \7F8) sin « 
3 
—R. e 
15 oe 2 4 Ce ie Br uy 2 
+r( SO. (12 — $97? + Dr) + saree (4979 — 205217 


+ 13499r4 — 442I1r® + 829r8 — 357°) sin 2ab ] + O (é) 
...(4.5c) 
Se oy ean es (Gn eoctmenee Ce YP 
Pp R. 72 O— OF + 2) sina +t [— Te (81 
R? 
— 8lr? + 28rt) + 7382400 r> (1140 — 1095r2 + 200r4 


+ 225r® — 108r® + 15r?9; 
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l 
r seen . E 
+ Ar ( 6R. (| ar?) + 717280" (101 — 120r?2 + 90r¢ 
° l 5 2 
— 30r® + 3r8) Jeos a + r?( 120 (54 — 55r* + 20r) 
R? 
— 3870720" (3597 — 8344r* + 9240r4 — 5040r6 + 128878 


— 120r?°) ) cos 2a | + O (é), .»-(4.5d) 
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5. FLow RATE 


The volume rate of discharge of the fluid through the circular cross section of the 
pipe is given in terms of dimensionless variables as 


~ 2x 1 
ks - | | ur de dr (3.1) 
v0 U 


Computing the integral (5.1), one obtains the flow rate Q = q/27 Ua? as 


Oy. i é eres ) lic fieRe hoe] 
ay Vez deca ers) Leper be sl onions 


eis) 





where Q, is the repective flow rate in a straight tube. 


6. DisCUSSION 


The flow rate (5.2) obtained comparatively with lesser effort using Germanos’! 
Orthogonal Coordinate system, agrees identically with Wang’s’ result. The terms in- 
volving A in the expression (4.5a) for u are periodic in «, hence the reason for the flow 
rate (5.1) to be independent of torsion. Naturally the expression (5.2) agrees with the 
result of Topakoglu® for a toroidal pipe. Owing to enhanced mixing and momentum 
transfer due to secondary flows, it is common belief that the total frictional loss of 
energy near the wall increases and consequently the fluid experiences more resistance in 
passing through the circular/helical pipe. Looking at this angle, in the limit of small 
e, it can be seen from the analysis that when Re > 5.67, the flux in the helical pipe is 
less than that of a straight pipe. However for the flow to remain laminar, a rough 
estimation yields an upper bound for R-as Re = 40/+/e. The corresponding Dean 


number ( 2 Re ) is approximately 3200. 


The computed flow fleld (4.5), enables one to verify analytically that the effect of 
torsion on a helica) pipe flow is a second order one, while the effect of curvature is a 
first order one. It can be observed that the induced second order flow is linearly de- 
pendent on the cotangent of the helical angle of the central generic spatial curve. As 
the terms involving A are all periodic in «, the presence of torsion causes a symmetric 
deviation of the velocity profiles, not only with respect to the diameter of full circle 
circle symmetry (a diameter of the circular section containing the principal normal) but 
also with respect to the conjugate diameter. However the full profiles of the velocities 
remain symmetric only with respect to the diameter of the full circle symmetry. It can 
be seen that the flow field (4.5) reported in this paper is finer and exact upto the order 
considered compared to the approximated results of Murata ef al.®. By putting A = 0 
one can recover the flow field of Topakoglu’®, for toroidal pipe flow. 


If terms of O (<2) are taken into consideration, in view of non-zero torsion it is 
not possible to express the secondary velocities in terms of a stream function and con- 
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sequently project the streamline flow pattern. However, confining to O (€), one can ex- 
press the secondary velocities in the (r, 6) plane in terms of stream function ¥ as 


b ees rat = 3 5 ee 6.1 
7 oem wal 9r3 + 6r> — r7) cos « (6.1) 
where 
1 a ed 
(emer et ige). ics 


The expression (6.1) is independent of A, thereby showing (as observed earlier) that 
torsion has no first order effect on the flow. This disproves Wang’, who erroneously 
calculated the secondary flows and predicted asymmetric recirculating cells which tend 
to coalesce with decreasing R., for non-zero torsion. This was due to the fact that 
Wang’ failed to correlate the contravariant components of the velocity vector to a phy- 
sical covariant description, as remarked by Germano’. Fig. 2 projects the streamlines 


-0,000137 _ 





Fic. 2. Secondary streamlines. }/R,=constant. 


FLOW IN A HELICAL PIPE 85 


v + 0.0037, + 0.0035, + 0.0030, + 0.0020, + 0.0010, + 0.0005, + 0.000137 in the 
(r, 6) plane. It can be seen easily from the diagram that the secondary flow field divi- 
des itself along the diametral axis of the section of the pipe into two mirror images of 
recirculating cells. Obviously these streamlines are the same as that of Wang’, for the 
case A = 0. The vortex centre (point of no secondary flow) observed at r = 0.43, 
a = 7/2, though well away from the origin, is still closer to the diameter of the full 


circle symmetry than the upper wall. As expected, this observation isin agreement 
with Dean? and Austin and Seader’. 
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In this paper a Bianchi type VI, space-time filled with a viscous fluid is consi- 
dered which is of Petrov type II. Various physical properties have also been 
discussed. 


1. INTRODUCTION 


Bianchi type VI, universes representing perfect fluid distribution have been 
studied by Collins? and Wainwright and Anderson®. It is well known that such 
universes do not go over to FRW universes asymptotically but they can be made as 
close to such models as one wants them to be in a finite interval of time, the latter cor- 
responding either to the very early stage of the universe or a late or suitably interme- 
diate stage in the evolution of the actual universe. In the early stage of the universe 
matter behaved like a viscous fluid during the period of neutrino-decoupling. It is also 
expected that during the big bang explosion copious amount of gravitational radiation 
was produced!. 


In this paper, we have derived a Bianchi type VI, universe which is filled with a 
viscous fluid and which is of Petrov type II, the latter condition ensuring that the 
universe contains gravitational radiation. The model so constructed gives rise to two 
different cases, in each of which the expanding and the contracting phases of the 
universe are described separately by two different line-elements joining smoothly at the 
point of no expansion. !n each case the universe expands from an initial singularity 
till the expansion stops and thereafter contracts and collapses into a final singularity. 
The model in some special situations can be regarded as close to FRW universe 
during the early stages of its evolution. The relative behaviour of electric and magnetic 
parts of the free gravitational field near both the singularities have been studied and 
it is found that in one case the gravitational field is of type N near the final singularity. 


2. DERIVATION OF THE LINE-ELEMENT 


We have taken the line-element which describes Bianchi type VI, space-times in 
the form 


ds? = — dr® + A (1) dx* + B® (t) e% dy? + CP (1) et de® = «(2,1 
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where /# = + |. 


We assume that the universe is filled with a viscous fluid, the energy-momentum 
tensor 7;; of which is given by 


Ti; = (€ + p) vy + pet; — 2401; 
with 
p=P— %; 
P, €, n, &, 6, %; and », being respectively the pressure, density, coefficients of shear and 


bulk viscosities, expansion scalar, shear tensor and the unit flow vector of the fluid 
assumed to be orthogonal to the hyersurfaces of homogeneity. 


The field equations 








Ri — } Rg t+ Agi =—82 7! 
lead to 
** ee . . . | 
B G BC Pp A B é Cc a hg 
Sip hese tat oi \2a sc) & | 
| 
“ 2 i: : : ed 
eC) A CA _3 (-4 --&)-4 \ 
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an overhead dot standing for ordinary differentiation with respect to ?. 
From (2.4), we get 
A= K?2 pL yi-h/ith ret wT), 


where p = BC, v = B/C and K is a constant, Equations (2.2) and (2.5) lead to the 
single equation 





: : 24 jr y 
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in three unknowns 1, v and y. In order to get a determinate solution we assume the 
following : 

(1) The metric (2.1) is of Petrov type II, 

(2) » is proportional to | @| . 


Assumption (1) leads to 





d (v are bh) vi\ <p bie) ee ney 
Fale as Eero rere) A® kh) A 
(2 
while (2) gives 
7 = Me fore > 0 ...(2.8a) 
and 
n= — M@ for @ <0. ..-(2.8b) 


M being a positive dimensionless constant. Equations (2.6) and (2.7) under the condi- 
tion (2.8a) give the following solution : 


f 2 -— 2 Ta /2 1/2B qT 
Mined nied Meeil acta iis Lob ...(2.9a) 


A = Li . (fd = et HH THaFB TY) 


7¢! + h)? a (1 pe: hy? eiT ha /2 : e} 2B aT 


fC — eT) p2(a+B ty.) +-(2.9b) 


Beko. 
{1 + A)? + (1 — A)? etT}*/2 | @1 28,07 


(FL — ett) haBy 7) «».(2.9C) 


Gres: fas 


in which f = + 1 or —1 according ash > -- 1 orh <—1, LZ; are arbitrary constants 
and the constants q, a, 8; and y; are given by 








25 a2 CL PEAS) ee, a i 2 
TT ten Usd aeee oe eta) 
g, = (48eM) (+A = 2h _ 8x M (1+2h) (1+4)® + (143h2) 

: (i+h*)(1+247M) °™ (1—A) (1+h?) 1+242M) 
a, — ~8 = M(h+2)(1+h)? -hQG+h) — _ (148M) (1—A)? + 2h 
© (=A) (FR) 240eM) Oh) (1 24eM) 
pe. 80M (1+2h) (1—A) + (1+A) __ —82M (h+2) (1—h)+h (1+) 
. (l+h*) (14247 My) 7 To (1+h?) (1+24nM) 


The same set of equations under the condition (2.8b) gives 


7, (+ AE + (= A etter, et2Bar 


oe es ...(2.10a) 
{f(a = e1T)}1 2(a+B +Y,) 
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{f(a — eT )}112(a+B2+y2) 
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in which Ly; are arbitrary constants and the constants @, B and y; are given by the 
corresponding unbarred contstants of the solution (2.9) when M is replaced by — M. 
T in both the solutions (2.9) and (2.10), is related to the cosmic time t by t = J AdT. 


The line-element (2.1) corresponding to both the solutions (2.9) and (2.10) has 
singularities at T = 0 and 7 =-+.ce. The expression for scalar of expansion 6 
corresponding to solution (2.9) is given by 


_ fem panel 3, 
— Ly (+A) (1+242 M)* (+A) + A)? este PD 
x [(1+h?—h—H) + (1+4?+h+H) e87] 


x [1 +h2—h+H) + (1 +h?+h—H) 27] 


a+BitYi ~ ) 


where H = 3 (1+/?+A'). Similar expression can be written for the expansion 
scalar @ corresponding to the solution (2.10). We assume that (1 — 247M) > 0. 
From the expressions for @ and 6 we find that they vanish at T=T’ and T= T", where 


1 (Foe) 


H—h?+h-1 ee Saeh 
) and 7 5 ley log WeLRoRE 


] 
tire ee 8108 (ees 


When fh > — 1, the model of the universe is described by the line-element (2.1) corres- 
ponding to solutions (2.9) and (2.10) in the time-ranges 0 < ies Te atid de 
respectively. Similarly, for h < —11, it is described by the solutions (2.9) and (2. 10) 
respectively in the time-spans 0 <T<T" and T>T’. The line-elements corresponding S 
both the solutions (2.9) and (2.10) join smoothly at the common boundary Aer the or r 
in the two cases mentioned above. This requires‘ that across the surface of discontinuity 
x4 = T = T’ or T’, the following are continuous : A, B, C, dA/dT, dB/dT, dC/dT and 


T*. These conditions are found to be satisfied provided 


t—@ 


an (+h)? + (1h)? eT} 2 , el /2a(B,-B,)7 
ent pe ee 


{fc bx. e0t }1/2(a+B, +, -%-B,-7,) 


wheres stands for T’ or T” andi = |, 2,3. Forh > — 1, the model evolves with a 
— 0 and expands till T = 7". Thereafter it contracts till it collapses at 


i tT 
i yfor h< — 1], the model evolves with a big bang at T = 0, 


T = + co. Similar] 
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expands till 7 = 7” and after that contracts to collapse at 7 = + occ. In terms of the 
cosmic time /, the initial singularity occurs at tf = 0 and the collapse occurs after a 
finite lapse of time in each case considered above. The types of the initial singularity 
are restricted to those of cigar and infinite pan cake of first and second kind*, while 
those of the final singularity are restricted to point, barrel and cigar depending on the 
values of 4 and M. 


The anisotropy o/@ is finite at the start. It increases for h > Oandh < — 1, 
but for —1 < A < 0, it decreases and attains its minimum at T = 7, where 


get i (1 + hj)? (hk? —h + 1) 
Sf Fe le —hY (® +h + 1)]° 


By a suitable choice of h the anisotropy can be made to be small in the interval 
(T — 5,7 + 5) fora given 5 > Osothat the model is approximately FRW in this 
interval. We also find that the electric part of the Weyl tensor is dominant over its 
magnetic part except at the collapse when h > — 1. Inthe latter case the model is 


asymptotically Petrov type N. The condition e > 0 requires necessarily that h < 0 
and 





l (1 — A) Fal 
M< EE la the hye 7 1 | when A =0. 


All the above discussions hold good for the solution corresponding to perfect 
fluid when M=O. In this case the reality condition — « < p < e€ is satisfied for 
— |< /A < 0 together with a suiable choice of A. 
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A complete classification of the orbits in the Lie algebras of all the real 
orthogonal and pseudo-orthogonal groups of total dimension not exceeding 
five is presented. The classification is carried out using elementary geometrical 
methods, exhibiting ina clear way the relevance of the results for a lower 
dimensional group in obtaining the results for a higher dimensional one. For 
each orbit the values of the algebraic invariants are calculated, a represen- 
tative element is displayed, and the geometric nature of the latter is described 
by listing a complete set of independent vectors invariant under it. While 
the orbit structure for the orthogonal groups turns out to be relatively simple, 
that for the Lorentz type and the de Sitter type pseudo-orthogonal groups 
become progressively complex. Particular care has been taken, in view of the 
intricacy of many of the results, to develop a suggestive and systematic nota- 
tion. The orbits are classified and tabulated in a form that makes it parti- 
cularly easy to apply them in practical physical problems. Examples of such 
problems are pointed out. 


1. INTRODUCTION 


The real orthogonal and pseudo-orthogonal groups of low dimensions play an 
important role in a variety of problems of physical interest. Thus, for instance, problems 
possesing spherial spmmetry in three dimensions involve the group SO (3) in their ana- 
lysis’. Physical systems subject to the requirements of special relativity similarly involve 
the (homogeneous orthochronous) Lorentz group SO (3, 1), and in suitable kinematical 
situations also the important subgroups SO (3) and SO (2.1)'”. The latter subgroup, 
SO (2,1), is closely related to the two-dimensional real unimodular group SL (2,R) which 
is the same as the real symplectic two-dimensional group Sp (2, R) relevant in Hami- 
ltonian mechanics'’?. Thus SL (2, R) is the group of linear canonical transformations 
on one canonical pair of Hamiltonian variables; and as is well-known, there is a two- 
to-one homomorphism from SL (2, R) to SO (2,1). Similarly, when one considers pro- 
blems involving two canonical pairs of variables on a four dimensional phase space, 
the group of linear canonical transformations is the symplectic group Sp (4, R), which 
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is a double covering of the real pseudo-orthogonal de Sitter group SO (3, 2) in five di- 
mensions. Physical problems in which SO (2, 1) and SO(3, 2) play a significant role on 
account of their relation to canonical transformations are many, among which we 
mention here the following as examples : Fourier optics in the paraxial limit and the 
related study of ideal optical systems*~*; description and propagation of optical 
Gaussian Schell-model beams*°; squeezed coherent states'!~!* and two-photon coherent 
states'®~!* in quantum optics; the representation theory of para-Bose operator algebras!?~* 
and studies of particles with internal structure*’ based on the new Dirac equation®%*". 
Of course the relevance of the de Sitter groups SO (3,2) and SO (4, 1) in the context of 
certain linear relativistic quantum mechanical wave equations has been long appreci- 
ated; thus the tensor and vector matrices associated with the original Dirac equation*” 
generate a de Sitter algebra, and a corresponding statement is true in the case of the 
infinite component Majorana equations *°-3> as well as with the well-known Bhabha 
equations*®. 


For most practical physical applications, it is adequate and convenient to work 
initially with the elements of the Lie algebras of these groups, and later by a process 
of integration or exponentiation to arrive at finite group elements. This is particularly 
true in dealing with the linear (unitary or nonunitary) representations of these groups. 
In the case of the simplest group SO (3), it is a well-known and geometrically evident 
fact that all (infinitesimal) generators are basically alike, differing from one another 
only in orientation and overall magnitude. This is the essential content of Euler’s 
theorem*’ which states that every rotation in three dimensions leaves one direction 
invariant, and so is a rotation through some angle about that direction as axis. How- 
ever, when one goes to higher dimensions, or alters the signature of the metric, or both, 
the elements of the Lie algebra separate into many essentially distinct types, with quite 
different geometrical properties. This situation can be expressed in the following way: 
The Lie algebra G of any one of the groups G under consideration, viewed asa linear 
vector space, carries a particular representation of G, namely the adjoint representation. 
Two vectors in the Lie algebra, i. e. two infinitesimal generators, which are connected 
by some transformation in the adjoint representation may be regarded as being essen- 
tially equivalent and not differing from one another in any intrinsic manner. Starting 
with any element in the Lie algebra and subjecting it to all the transformations of the 
adjoint representation, one builds up the orbit on which the Starting element lies. The 
entire Lie algebra G thus splits into distinct and mutually disjoint orbits under the 
adjoint action. (Of course all the preceding statements are valid for any Lie group, not 
just the ones we are concerned with here)... While for the group SO(3) all orbits in 
its Lie algebra SO (3) (except the trivial One) are basically similar in Structure, this 
is not so in the other cases, and one does find Significantly different kinds of elements 
and therefore of orbits in the Lie algebra. Examples of this situation are of course 
familiar in the context of special relativity, where generators of spatial rotations and 
of pure Lorentz transformations are the opposite ends of a spectrum of possibilities. 
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It is the purpose of this paper to provide a complete classification of the orbits 
in the Lie algebras of all the real orthogonal and pseudo-orthogonal groups of total 
dimension not exceeding five. Our aim is to make use of elementary geometrical methods 
in obiaining this classification, and also to exhibit in the clearest possible way the 
relevance of the the results for a lower dimensional groups in obtaining the results for a 
higher dimensional one. We endeavour to derive and present our results in a manner 
that makes it particularly easy to apply them in practical physical problems. We shall 
be concerned with the orthogonal groups SO (n) forn = 3, 4, 5; the Lorentz pseudo- 
orthogonal groups SO (n, 1) for n = 2, 3, 4: and the “de Sitter” type pseudo-othogonal 
groups SO (n,2) form = 2, 3. Thus there are eight groups included in our study, divided 
in the above manner into three distinct sets. In some cases, such as SO(3) and possibly 
also SO (2, 1), the classification of and the geometrical nature of the elements on each 
orbit is well known. Nevertheless, for the sake of completeness and the setting up of 
uniform notations, we shall include all cases in the analysis, the familiar ones being 
dealt with only briefly. 


The material of this paper is organised as follows. In section 2 the three groups 
SO (n) are taken up, in the sequence n = 3, 4,5. Forthe treatment of SO (4), the 
decompositions SO (4) = SO (3) @ SO (3) (locally) and SO (4) = SO (3) 6 SO (3) 
are exploited. Section 3 treats the Lorentz type grous SO(n, 1) form = 2,3 and 4. In 
the last of these, namely in classifying the orbits in SO (4,1), it is necessary in one case 
to deal with an E (3) subgroup of SO (4, 1), and its Lie algebra. Section 4 classifies 
orbits in the two “de Sitter” type algebras SO (2,2), SO (3,2). For the former, the 
decomposition SO (2.2) = SO (2,1) ®@ SO (2,1) in exploited. Since the number of dif- 
ferent types is quite large in these two cases, the results are presented in two separate 
tables (corresponding to ranks 2 and 4 respectively) in each case. The SO(3,2) analysis 
involves, in a particular situation, use of an E (2,1) subalgebra. The paper concludes 
in section 5 with some general comments. 


As mentioned earlier, in order to make the results more transparent and useful 
and to clarify the relationships between the structures for different groups, we will ex- 
press the orbit classifications for the various groups in a mutually compatible manner. 
This means that the notation, in particular the choices of indices labelling components 
of vectors, tensors, .. and their ranges, must be chosen judiciously. We now explain 
the choices which we shall adhere to throughout the paper. For the two groups SO(3), 
SO (2,1) operating on three-dimensional spaces, we use lower case Latin letters a, 0-6; 
... aS indices for components of vectors, tensors, etc. For the three groups SO(4), 
SO (3,1), SO (2.2) operating on four-dimensional spaces the lower case Greek letters A, 
pt, v, ... will be used. For the three groups SO (5), SO (4,1), (SO (3,2) acting on five- 
dimensional spaces, the capitan Latin letters A, B, C, ... will be used. Turning to the 
ranges of indices for the orthogonal groups SO(n) the dimensions will be numbered 
1, 2, ... 3. Thus for SO (3) the indices a, b, ... run over 1, 2, 3; for SO (4) the indices 
A, #, «- go from | to 4; and for SO (5), A, B, ... run over 1, 2, ..., 5. For these three 
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groups, the metric tensor is just the kronecker symbol 5a, 5uv or 54g. For the Lorentz 
type groups SO (n, 1) the dimensions will be numbered 0, 1, 2, 3, 4. The metric tensor 
g.. will be diagonal and ‘“‘space!like”: goo = — 1, 81 == ... aa = 1. In the discus- 
sion of SO (2,1), we will let a, b, .. run over 0, 1, 2; for SO (3,1) we shall have p, y,... 
going over 0, 1, 2, 3; and for SO (4, 1), A, B, ... will span the full range 0, 1, .. , 4. 
For the ‘“‘de Sitter’ type groups SO (n, 2) we number the dimensions as 9, 1, 2, 3, 5 
omitting the numeral 4. This is in fact the convention often used in physical problems 
where SO (3,2) in relevant. The metric tensor will again be diagonal and “‘space like”: 
200 = B55 = — 1, 21; = Boo = B33 = 1. (There is a minor mismatch here in that the 
dimension 5 carries a positive signature in the context of SO (5) but a negative signa- 
ture in the case of SO (n, 2); however this will not cause any serious problem). For 
SO (2,2) we let », v, ... go over 0, 1, 2, 5; and for SO (3,2) we have A, B, ... going over 
the full range 0, 1, 2, 3, 5. With these conventions, the appearance af indices a, b, ... 
will immediately signify that we are dealing with “‘three dimensional quantities’; whether 
the relevant group is SO (3) or SO (2, 1) will be clear from the context. Similarly the 
appearance of indices yp, v, ... will signify that ‘four-dimensional objects’’ are involved, 
andso on. The generic symbol J.. will be a basis element for any one of the Lie alge- 
bras: thus Jas for SO (3) and SO (2,1); Jyv for SO (4), SO (3,1) and SO (2,2); and Jy 
for SO (5), SO (4,1) and SO (3,2).In all cases we have antisymmetry in the 
subscripts. The components of a general element in the Lie algebra will be &*, with 
antisymmetry in the superscripts. Thus the Lie algebra element will be 


J (&) = $ & Jay or $€"" Juy or $648 Jap etal) 


with all indices being lowered in the case of SO (nm). The quadratic invariant will uni- 
formly be denoted by #@, (&) 


@y (&) = 4 Ge Eas or $ EP Eny or E43 Ean. e122) 


For the cases of groups in four or five dimensions, there is a second algebraic invariant 
©» (&) which will be defined at the appropriate places. It is easily constructed once one 
realises that, in all cases, the adjoint representation transforms &'' asasecond rank 
antisymmetric tensor under the appropriate orthogonal or pseudo-orthogonal rotation 
group. Finally the symbols éa eu, ea will be used for a basic set of mutua!ly orthogonal 
unit vectors in three, four or five dimensions respectively; while the letters ft, / 


and s (relevant only for the SO(n, 1) and SO (n, 2) analyses) will stand for general 
“timelike” “lightlike” and “spacelike” vectors. 


2. Orbits IN THE Lig ALGEBRAS SO (n) n, = 3, 4,5 
The generators Jas of SO (3) obey the familiar Lie bracket relations 
[Jab, Ja) = Sac Joa — Sb¢ Jaa + Sad Jeb — 8a Jem: a, Dive => Wie 2 oh ma eb 


The Lie relations for SO (4) and SO (5) (indeed, for any SO (n)) are similar, with a, b, 
c, d replaced by p, v, P, s or A, B,C, D and the ranges of the indices suitably extended: 
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they need not be written down explicitly. We now briefly review the orbit structure in 
SO (3), then take up the cases of SO (4) and SO (5). 


SO (3) A general element in the Lie algebra is as in eqn. (1.1) 
J (8) = 3 bap Jas. pale2) 


With the use of the three-index antisymmetric symbol, both Ja, and &45 can be replaced 
by single index “‘vector’’ quantities 


Ja = 4 €abc Joc, bo = 3 €abe e 5c: 
Jab = €abe Jo, Fab = €abc Ee; 
I) = fe Jo. 23) 


We treat &. as the components of a three-vector &. In terms of Ja, eqn. (2.1) takes the 
familar from 
[Jas Jo] = €abe Je. (2:4) 


The quadratic invariant @, (&), the only one in the case of SO (3), is the squared length 
oLé: 
@ (8) aes 4 bab Gab = Ea ka = | E | 2y.(235) 


If 59 is a small parameter, the effect on a general vector za of an infinitesimal 
transformation generated by J (&) is 


8 za = 86 Ean Zz» = — 30 (E, z)a. me A2.0) 


Thus & itself is invariant under the rotations generated by J (). This can be understood 
aS a matrix property which we later generalise to higher dimensional groups. The three- 
dimensional real antisymmetric matrix (Eas) is necessarily of rank 2, since we exclude & 
= 0; it therefore has exactly one null eigenvector, namely § itself, which is therefore 
invariant under the rotations generated by J (&)**. 

The adjoint action of SO (3) on &, asis well known, amounts to subjecting § to a 
three-dimensional rotation. It is conveniently represented via the spin 1/2 representa- 
tion of SO (3), which also leads to the defining representation of SU (2). In it, the 
generators J, are the Pauli matrices : 


ie = age io ek (2.7) 
J (&) is a general traceless antihermitian 2 x 2 matrix : 
Ey x Ea. (2.8) 
For any U € SU (2), the adjoint action changes § to &’ in this way : 
UJ(&)U3 = J (8), 
v2.9) 


af = Rap (U) Ep. 
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Here R(U) € SO(3) is the image of U € SU (2) under the homomorphism SU (2) -> 
SU (3). Thus the orbit of € consists of all &’ with the same (squared) length as Ee. We 
can therefore label obits in SO(3) with a positive nonzero parameter u: the orbit 8, (u) 
consists of all J (&) for which 


6, () = 8)? =u. ...(2.10) 


This is a sphere S* in the 3-dimsnsional § space. A convenient representative element on 
8;(u) is the positive multiple uJi. of J:,. This element can be characterized geometrically 
by the statement that under therotatious generated by it, the single vector e, is in- 
variant. This reflects the fact that the rank of the matrix (&) is constant over an orbit, 
and so is 2 at the representative point uJ,.._ All these properties for SO (3) can be 
summarised in a table which sets the pattern for presentation of results in other cases: 


SO(3) Orbit structure : 











Rank (&) Orbit Parameter Invariant Representative Invariant 
range @1 (8) Point vector 

2 0, (u) u> 0 u" ud 2 €3 

SO (4) 


With the index conventions explained in the Introduction, a general element of 
SO (4) is written as 


the subscripts taking the values |,...,4. Itis convenient to define three-component 
objects and quantities in the following manner : 


Je = 4 €abe Joc, K, ae J 43 


to = 4 €abc Ene Na =E ia. ee Py eS 
(Of course, the latin subcripts here go over 1, 2,3). Then the basic Lie relations of 
SO(4) are : . 

[Ja, J»| = [Ka, Ko] = €abc Je, 

[Ja, Ko] = €abe Ke. A AL KD 


If now we define the combinations 

Ma = 3 (Ja + Ka) 

Na = 4 (Ja — Ka) ...(2.14) 
the familiar SO (3) @ SO (3) structure of SO (4) emerges : 

[Ma, Mo] = ease Mc, 

[Na, Ns] = €abe Ne, 

[Ma, No] = 0. 12S) 
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Therefore the results of the orbit classificatian for SO (3) can be used to tackle the 
SO (4) problem. 


The general element J (&€) € SO (4) can be written in the forms 
J@=Es+ynK | 
=a.M+8.N, 
ta = Ga + na, Ba = ba — na. e-L2.40) 
The invariant ©, (&) has the value 
i (8) = 3 SuvEew = 16]? + In]? =4( lal? + | B]%. ...(2.17) 
Since SO (4) is a group of rank two (as is SO (5)), there is a second algebraic invariant 
which can be obtained with the use of the four index antisymmetric symbol : 
@2 (8) = — & envec Eur bec 
See =r |e |B A*). ...(2,18) 


This invariant is related to the rank of the 4 x 4 antisymmetric matrix (&,.): in fact 
one finds 


A (£) = det (Ex) = (. 0) 
= (@2 (&))’. eae) 


Now the rank of (&,») is either 2 or 4,since we exclude uy = 0. Therefore the vanish- 
ing of G2 (&) corresponds to rank (Env) = 2, anda nonvanishing @, (&) implies rank 
(Euv)=4. The rank in turn determines the number of independent vectors in four-space 
invariant under the infinitesimal rotations generated by J (€). On a general four-vector 
Zp, this rotation acts as 


Cyan — 56 Euy Zy. ns 2,20) 


We see: if @. = 0, there are two independent vectors which are both invariant 
under the rotations (2.20), and without loss of generality they may be assumed to be 
orthonormal ; if @. ~ 0, there are no such vectors. 


On account of the local SO (3) @ SO (3) structure of SO (4), the effect of the 
adjoint action is to subject the two three-component quantities a2, fa to independent 
SO (3) rotations. With this remark and the results of the SO (3) analysis, we can 
immediately classify the SO (4) orbits. Given an element J (&)ESO (4), there is a unique 
element on its orbit having the form | a| Ms; + |®| Ns. Here |« | and | B | cannot 
both vanish. J (&), and with it all the elements on its orbit, can be characterised as be- 
ing of rank 2 if | «| = | B | ; otherwise they are all of rank 4. Rewritten in terms of 
the original Juv, the above mentioned representative element is*”. 


la | Ms +|B| Ng = usin + u’ Jas, 


98 N. MUKUNDA ET AL. 


u=4(|a|+|Bl)>9, 
w= t(lal]-|Bl) «salu. mrt eakiD 


Now, the rank 2 case corresponds to vanishing u’. For such orbits we see that u > 0 
is a single labelling parameter, and the choice of representative element is such that es 
and e, are both invariant under the rotations generated by it. On the other hand, the 
rank 4 case corresponds to u’ # 0, and the rotations generated by u/;, + u'Js, definitely 
alter every non-zero four-vector. These results can be summarised as follows : 


SO (4) Orbit structure : 





Rank (€) Orbit Parameter [Invariant Invariant Representative Invariant 





ranges G, (@) G2 (8) Point vectors 
2 O, (u) Faced u” 0 ud 15 C3, ey 
4 stuu)uS> |u| >Ouw+u? w’ uJ j.+u'J45 — 


Ea 
The following remarks can now be made concerning these results. The problem 
of classifying the rank 2 orbits of SO (4) reduces easily to a problem at the level of the 
SO (3) which generates the canonical SO (3) subgroup in SO (4) acting on the dimen- 
sions 1, 2 and 3. This is because on any such orbit one can always find representative 
elements for which one of the invariant vectors is e,. On restricting oneself to this 
part of the orbit, the further classification depends only on the already available 
SO (3) results. On the other hand, the rank 4 orbits in SO (4) are quite new in the 
sense that they cannot be reduced toa problem within the SO (3) algebra correspond- 
ing to the canonical SO(3) subgroup of SO (4); they may be thought of as characteristic 
of SO (4), notwithstanding the fact that the local SO (3) @ SO (3) structure of SO (4) 
simplified matters. The table of results for SO (4) also shows that the values of the 
algebraic invariants @, (&) and @, (&) together determine the orbit to which J (E) be- 
longs. (Note that they are restricted by @, >2|@:2|). Inthe rank 2 case, when 
G2 = 0, G1 determines u and the statement follows. In the rank 4 case, @, and @, do 
determine wu and u’ individually because of the restriction u > |u'|, and the state- 

ment again follows. 


SO(5) 
A general element of SO (5) is 
J (&) = 4 E40 Jap, bal etoe) 


with the indices going over 1, 2, ..., 5. The infinitesimal SO (5) rotations produced by 
this generator alter a general vector Za in the standard manner: 


824 = 56 ap Zp. ; ¥3(2;23) 
The first algebraic invariant is 


@1 (8) = 4 Fae Eas. »+.(2,24) 
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The rank of the matrix (£43) is either 2 or 4; correspondingly the number of indepen- 
dent null vectors of this matrix, equivalently vectors invariant under (2.23), is either 
3 or 1. Thus for any J (&) there is at least one invariant vector. Inconstructing the 
second algebraic invariant @, (2) we are led to a possible invariant vector defined in 
terms of Ez itself. Since with SO (5) we have a five-index antisymmetric symbol, we 
define the five-vector 


Ca = & €aBcveE Esc Ene. 1is(2.25) 
It is an easily checked fact that 
Eas Ca = 0. ...(2.26) 


Therefore, whenever 4 does not vanish identically, it provides us with one vector in- 
variant under (2.23). The second algebraic invariant is the squared length of ©: 


Gs (8) = Ca Sa. 25(2:27) 
In the case when rank (§4g) = 2, let us denote a preliminary choice of three in- 
dependent null vectors of (E48) by Pg m = 1, 2,3, and set up the matrix of inner 
products 
(m) (m’) : 
(Mim) =(e," &, ) = (e™. em). Laven) 


This three-dimensional real symmetric matrix is positive definite because we are deal- 
ing with SO (5) rather than SO (4, 1) or SO (3,2). Now by an SO (3) transformation 
acting on the indices m, m’, and therefore amounting to a different choice of the e”, 
we can diagonalize M, when its nonzero entries become all strictly positive. By a further 
renormalization of its eigenvetors, it can be seen that M becomes the unit matrix. This 
argument shows that without loss of generality the three invariant vectors under the 
transformation (2.23) can be chosen to be othonormal*?. 


With the help of the above result, the analysis of rank 2 orbits in SO (5) be- 
comes quite easy. Let some J (€) € SO(5) of rank 2 be given. By means of suitable 
SO (5) transformations we can pass to those elements on the orbit of J (&) for which the 
three invariant vectors are és, e, and e;. Suchelements must be of the form uwJ,., u40, 
where |u| is fixed by the value of @,(¢). This is similar to the SO (3) situation. 
Since the elements uJ/;, and —uJ,,. can be connected to one another even within SO (3), 
it follows that we can restrict u to be strictly positive in choosing uJ, as an orbit repre- 
sentative for rank 2 orbits of SO(5). On the other hand, no further reduction in distinct 
orbit representatives is possible even with the greater freedom of transformation available 
with SO(5) as compared with SO (3); i. e. as one can quite easily convince oneself, two 
elements uJ,» and u’J,» with u, u’>0, uu’, cannot be connected to one another by any 
SO (5) transformation. At the representative point uJ)», the only nonzero component 
of E48 is &1,=u; so Ca =0 identically at this point and consequently also at every point 
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on every rank 2 orbit. This result may in a sense have been anticipated : if Sa were not 
identically zero, it “would not know which of the three independent invariant vectors” 
it should be. As with SO (3) and SO (4) the present rank 2 orbits will be denoted as 


8; (u). 


The classification of rank 4 orbits is slightly more intricate. Let anelement J (&) 
€ SO (5) of rank 4 be given. The matrix (848) has just one nonzero null vector. Using 
suitable SO (5) transformations we can pass to elements on the orbit of J (&) for which 
the invariant vector is e;. Such elements therefore belong toSO(4), the Lie algebra of 
the canonical SO (4) subgroup of SO (5) acting onthe dimensions 1, 2, 3, 4; and more- 
over they are of rank 4 within SO (4), meaning that there is nonontrivial combination 
€;, >, @3, €y annihilated by any of them. Now from the SO (4) results we know that 
with the help of transformations within SO (4) we can find among the above elements 
on the orbit of / (&) some of the form uJ, + u’Jy3 withu > | u’'| > 0. However, 
since an SO (5) orbit could be larger than an SO (4) orbit, two distinct elements of the 
above form which cannot be connected within SO (4) may possibly be connected 
by some SO (5) transformation. If this happens, the concerned SO (5) transfor- 
mation must take e; into — e;. The point being made is that while in the first in- 
stance, by arranging the invariant vector to be e,, the problem is brought down to the 
level of rank 4 SO (4) orbits, in thereafter using the SO (4) results one must take 
account of the fact that SO (5) is larger than SO(4’. In this way one sees that, say by 
a rotation of amount 7 in the 4-5 plane, the elements uJ,. + u Jy; and u/\, — u'Jes are 
on the same SO (5) orbit. Thus unlike the SO (4) case, we may here restrict the 
parameters by u > wu’ > 0; the corresponding orbit in SO (5), denoted @, (u, u’), is of 
rank 4 with unique representative element wJj. + u'J43. At this point on the orbit, only 
Ei. and &43 out of G42 are non-zero; correspondingly, C; = — uu’ is non zero, while 
the other components Cu = 0. This is consistent with our arranging the choice of 
orbit representative so that the invariant vector is e;, The general conclusion to be 
drawn is that at every point J (&) on a rank 4 orbit, the five-vector C, does not vanish, 
and is the single vector annihilated by /(&). The final results for SO (5) are thus as 
follows : 


SO (5) Orbit structure : 


. 





Rank (5) Orbit Parameter Invariant Invariant Representative Invariant 
_ Tanges” G; (6) Ge (8) Point vectors 
2 85 (u) u> 0 ue 0 UJ 5 Cx, Ca; C5 
4 Os(uuw’) uS>u>O v4 U2 u? yu”? usin + u'Jgs es 


a re 
Several points are worth noting. All results for SO (5) are obtainable on making use 
of the previously obtained results for SO (3) and SO (4), provided one pays attention 
to the extra freedom of transformation available within SO (5) as compared to SO (4). 


(PSEUDO) ORTHOGONAL GROUPS 101 


os with SO (4), the vanishing here of the algebraic invariant @, (&) unambiguously 
signifies that the rank is 2. The restriction on @1(&) and @. (&) in the SO (5) case are: 


eee try oe 0. hy 2 4/ Ba ...(2.29) 


We see that @. (&) determines u in the rank 2 case, while @, (&) and @»2 (&) determine 
u,u unambiguously in the rank 4 case. Thus the values of the algebriac invariants fix 
the orbit to which J (&) belongs. The manner in which the SO (4) results helped sim- 


plify the SO (5S) problem sets the pattern for similar simplifications in the SO (”, 1) and 
SO (n, 2) analyses. 


3. Orbits IN THE Lie ALGEBRAS SO (n, 1), 2 = 2, 3, 4 


oe 


A basis for SO (2,1) is given by three elements Jas = — Joa, a,b = 0, 1, 2, 
obeying the bracket relations 

[Jas; Jed] = Bac Jed — Bbc Jad + Sad Jeb — Bod Jea. ioc) 

The diagonal metric is goo = — 1, 8:1 = 822 = 1. For SO(3, 1) and SO (4,1) we 


replace a, b, c, d by », v, P, and A, B, C, D respectively, and extend the metric tensor 
with g3s = g4, = 1. For the pseudo-orthogonal groups indices must be raised and 


lowered using the appropriate metric tensor, and the antisymmetric symbol is de- 
fined by 


oro = €o123 = 01234 = |. bael3.2) 
SO (2,1) 
A general element of SO (2,1) is 
J (E) = 3” Jas. (3.3) 


Since the dimension of the space is three, as with SO (3) we can use €ave to replace Jap 
and Ea» by single index objects: 


Ja = tare J, ba = — 3 Eade & ; 

Jap = — €abc J®, %ab = €abe &°. ...(3.4) 
The relative signs are adjusted so that J (&) has a neat form : 

J.(&) = & Ja. (375) 
In terms of Jz, the bracket relations (3.1) are 

[Ja, Jo] = €abe Je. ot 0) 


Under the adjoint action by SO (2,1), when Zab transforms as a second rank antisym- 
metric tensor, &2 transforms as a three-vector because €as; is an invariant tensor. The 
quadratic invariant ©, (), the only algebraic invariant in the SO(2,1) case, is 


Ei (6) = 4 a Eup = — Fa. iast) 
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The rank of the matrix (£2s) must be 2, which means that under infinitesimal 
Lorentz transformations 
S zt = 89; 2b AR 
there is just one invariant vector, This is §° itself since 


FB Seen} ...(3.9) 


As long as J (&) is non-zero, so is &*; and J (&) generates Lorentz transformations ‘“‘about 
E* as axis”. The adjoint action can be explicitly realised via the 2 x 2 matrix repre- 
sentation of SL (2, R), as in the SO (3) case. In this representation we have, for in- 
stance. 


wes 5 82, St eines Aah ...(3.10) 
so J (&) is a general real traceless 2 x 2 matrix : 
J (E&) = 3 (8. io, + & 6, + &* as). wit LE) 


Then for S € SL (2, R) we have 

SJ (6) S74 = J (8) 

E’a = f 4(S) &, sa cakes 
where A (S) € SO (2, 1) is the image of S € SL (2, R) under the homomorphism 
SL(2, R) > SO (2,1). 

We see from this discussion that, since there are three qualitatively different kinds 
of vectors in a2+1 space, there is a similar number of qualitatively different orbit types. 
If J (&) with a timelike & is given, the orbit of J (&) consists of all J (&’) with &’¢ having 
the same Lorentz square as &, and &’° the same sign as &°. Similar statements can be 
made for the cases when &? is lightlike (positive or negative). When &? is spacelike only 
the same Lorentz square is required. Thus each nontrivial orbit can be distinguished 
by a symbol t, / or s in these three cases. Further, in the ¢ case, the representative 
point on the orbit can be chosen as &’* = (u, 0, 0), wu ~ 0; in the 7 case we can arrange 
G's = ¢(1,0,1), e = + 1; and in the 5 case, &’¢ = (0,0,v), v>0. At 
representative points the invariant vectors are respectively €, @) + e, and e,. 


A table presenting all the distinct orbits in SO (2,1) can be drawn up based on 
these results : 


SO (2.1) orbit structure ; 


these 


Rank (&) Orbit Parameter Invariant Representative Invariant 
range @, (&) Point vector 
; 
2 0,5; (f3 u) Te NI u* ude €o 
2 B.,, (1; €) e= + 1 0 « (Jie ob Ji0) &o + e> 
2 @. (s; v) v>0 —y2 


vJie e, 
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The “arguments” of #,,, (...) in the various cases are self-explanatory. In comparison 
with the SO (3) table, there is an expected increase in complexity. In particular we see 
that only when @: (&) is negative does it uniquely determine the orbit to which J(&) be- 
longs. Incase @, (&) > 0, this algebraic invariant cannot determine the sign of u or 
€, as the case may be. 


SO (3,1) 


In handling this case we can follow the SO (4) pattern to the extent possible and 
deal with three-dimensional quantities by breaking up &,» and Juv; we can also exploit 
the simplicity of the defining two-dimensional spinor represention of SL (2,C), as was 
done with SO (3) and SO (2,1). In the sequel both approaches will be used and related 
to each other. Concerning the index conventions, since in this Section dealing with 
the SO (n, 1) groups the Latin indices a, b, ...run over 0, 1, 2, we shall use indices /, k, 
... to go over the range |, 2, 3 covering the ‘‘space’’ dimensions 


In terms of &,» and J,» we define 

J, = 4 € jut Jet, Ky = Joss 

Ey = dejar Set, ny = &jo- (3.13) 
Then the general element J (€) € SO (3,1) and the Lie brackets are 

J (&) = 3 Ee Juy = B.S + 0K; 

[J jy, Je] = — [Kj, Ke] = €jx1 Ji, 

[Jj, Kx] = €jxt Ki. ...(3.14) 
The two algebraic invariants are 

AH =ke Ew = 16/7 -—Int’, 

Bs (E) = F euvec SY Gre = E. n. ERED 
The infinitesimal Lorentz transformation generated by J (&) : 

Sze = 69.6 * v.z" .oe(3.16) 


is characterised by the 4 x 4 antisymmetric matrix (E,v) whose rank is either 2 or 4. 
The rank can be related to @z (5) since 

A (E) = det (E.v) = En)’ = (62 (&))?. MGA) 
Thus vanishing @, (€) means rank (E.v) = 2, and there are then two independent 


vectors invariant under (3.16): nonvanishing @, (&) means rank (E.v) = 4, hence no 


invariant vectors. 


At this point we introduce the two-dimensional spinor representation of Jyy: 


asf 
a aa y Sighs ‘ee yt (equation continued on p. 104) 
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Fie e (fine. (3.18) 


So / (&) is a general complex traceless 2 x 2 matrix. Adjoint action by SL (2,C), which 
is the same as by SO (3, !), amounts to subjecting / (&) to a similarity transformation: 
for any S € SL (2, C), 


S(§ — in) .o S-) =(&' — in').c PETES LD 


In searching for the ‘‘most natural” form into which J (&) can be put via the adjoint 
representation, we can therefore use the results of the theory of the Jordan canonical 
form of a matrix. Remembering the tracelessness property, this allows for two possi- 
bilities: (i) J (€) can be diagonalised, with nonzero equal and opposite generally complex 
eigenvalues; (ii) J (€) cannot be diagonalised, but can be put into the upper triangular 


Jordan from t i ; ) . These two distinct possibilites can be partially correlated 


with the classification based on the rank of (Ex y), since in the spinor representation 
] ap aL ok 
det J (&) = — det E-m.c= 560 - | GO. ..G.20) 


Therefore possibility (i) with diagonalisable J (&) must correspond to at least one of 
@; and G2 being nonzero; while possibility (ii) implies @1 = @, = 0. Only in the 
latter case can the definite statement be made that rank (Euv) = 2;in the former case, 
we can have both values 2 and 4 for the rank, according as @. = O or * 0. 


With this preparation, we can proceed to analyse and classify first the rank 2 
orbits in SO (3,1). Let J (E) be given with ©» (&) = 0. By adapting the argument given 
in Section 2 in connection with SO (5), we can assume without loss of generality that 
the two independent null-vectors of (Ey) are mutually orthogonal, and each of them is 
normalised to + 1 if itis nota light-like vector. Ina 1 + 3 space with signature 
—-+-+-+ there are three distinct possibilities for this pair of vectors : is ts, ls or ss. Thro- 
ughout an orbit one and the same possibility is realised. There is therefore at least one 
spacelike vector invariant under J (€). Using suitable SO (3,1) transformations, we can 
pass to those elements on the orbit of J (€), each of which leaves e3 invariant. Such 
elements therefore are linear combinations of Jar, a, b = 0, 1, 2, and to further analyse 
them the SO (2,1) results can be used. These now tell us that one of the following 
three mutually exclusive possibilities must occur : (i) there are elements wJi.,, u +4 0, on 
the orbit of J (€), for which €o, 3 are the two invariant vectors, realising the configur- 
ation fs; (ii) there are elements ¢ (J;2 + Jio), € = + 1, on the orbit of J (&), for which 
€o + @y, es are two invariant vectors, corresponding to the configuration /s; (iii) there 
is an element vJ;o, v > 0, on the orbit of J (E), which leaves €s, €s invariant and realises 
the configuration ss, Obviously in case (i) the value of @1 (8) fixes |u|, 
use the extra freedom available in SO (3,1) as compared to SO (2, 
in case (ii) both @; and © vanish, and in casee = — | it 
a rotation of amount 7 in the | — 3 plane; in case (iii) @, 


and we can 
1) to achieve u > 0; 
can be converted to + 1 by 
(&) determines v > 0 unam- 
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biguously. Of these three cases, we can recognise that case (ii) is precisely that possibility 
encourtered among the Jordan canonical forms when J (£) could not be diagonalised. 
Since in eases (i) and (iii) @, (2) is nonzero, these are included among those Jordan 
canonical forms wherein J (&) could be disgonalised. (Note that through J,, = 46, is 
not diagonal, it can be diagonalised). This completes the classification of and choice 
of representative elements from the rank 2 orbits of SO (3,1). 


Now we consider the rank 4 orbits consisting of J (&) with @, (€) ~ 0. Here we 
can immediately use the results of the Jordan canonical forms : since by eqn. (3.20) 
det / (€) is nonzero, J (E) can be diagonalised. Therefore on the orbit of J (<) there cer- 
tainly are elements which in the spinor representation are complex multiples of o3. One 
can easily see then that on a given orbit there is a unique element of the form wJ,.+vJo3 
with uw >0andv 4 0. The values of u and v are unambiguously determined by @, (&) 
and @, (&). 


Putting together the two sets of results for both ranks. We get the following 
table : 


SO (3,1) Orbit structure : 





Rank (€) Orbit Parameter Invariant Invariant Representative Invariant 
ranges G1 (8) Ge (8) Point vectors 
2 83,, (ts3v) u>OdO ue 0 u Jie Sni€> 
2 B55, (Is) = 0 0 Jie + Siro Co ter, C3 
2 03,1 (Ss; v) vy >O -y 0 Sie Cy, C3 
4 95,00 ¥) u>O,v0 uw — y uv u Ji. + Udo, — 





It is clear that by a combination of geometrical arguments and matrix-theoretical 
arguments, the complete results for SO (3,1) emerge relatively easily. It is also clear 
that in all cases, the values of @,(Z) and @, (2) determine the orbit to which J (F) 
belongs; this contrasts with the situation in SO (2,1). 


SO (4,1) 


Now we turn to the third and last of the Lorentz type groups to be studied. AS 
in the case of SO (5), here too since the total dimension of the space is five which is 
odd, every generator J (2) has an associated matrix ($42) which has at least one non- 
trivial null vector. However whereas with SO (4) such a result essentially reduced the 
problen to SO (4) (and in suitable circumstances further down to SO (5)), in the 
present case we have a grater variety of possible configurations to consider, due to the 
changed metric. 

Let us begin by listing those expressions for SO (4,1) which are similar to cor- 


responding ones for SO (5) : 
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J (E) = 4 G48 Jas; (a) 
G1 (8) = 4 648 Eas; (b) 
CA = 8 €aBcpE FC EPE; (c) 
Go (8) = C4 Sa. (d).. (3.21) 


These are to be supplemented by the identity 
Eas (8 = 0. Pia R 4, 


Depending on whether the rank of (€42) is 2 or 4, we have three or one independent 
invariant vectors. In the former case, a choice can be made such that they are mutually 
orthogonal, and if nonlightlike are normalised to + 1. We will find that ¢4 = 0 when 
rank (€4s) is 2; and that when rank (E48) = 4, C4 is the sole nonvanishing invariant 
vector. 


We classify first the rank 2 orbits. The three independent and mutually orthogo- 
nal invariant vectors could in principle be of any one of the ten types (listed in dictionary 
order) ttt, ttl, tts; tll, tls; tss; Ill, Ils; Iss; sss. However, ina space with signature 
—++-+-+, the configurations #t, tl, /] cannot occur; i.e., we cannot find two mutually 
orthogonal time-like vectors etc. Therefore the only possible configurations for the three 
invariant vectors are three in numbers tss, Iss, sss. In every case, there are two mutually 
orthogonl (normalised) space-like vectors. We may conclude: if an element J (E) € 
SO (4.1) with rank 2 is given, there definitely are elements on its orbit which leave e; 
and e,invariant. Such elements belong to the SO (2,1) generating the SO (2,1) operat 
ing On indices 012, and so are linear combinations of Jao. Analysis of the rank 2 orbits 
is thus related to the SO (2,1) problem, so there are precisely three mutually exclusive 
possibilities characterising the orbit of J (€): (i) there is an element leaving e, 
invariant, realising the situation tss; (ii) there is an element leaving e) + e, invariant, 
corresponding to /ss. (iii) there is an element leaving e, invariant, corresponding 
to Iss. Incase (i) there is a unique element wJ,., u > 0, on the orbit of J (&); the 
Possibility « < 0 can be changed to u > 0 by a rotation in the 1-4 plane. In case (ii) 
the element Ji. + Jig is on the orbit; again the element — (J,. + J,o) goes into 
Ji2 + Jig by a suitable 1-4 rotation. Lastly in case (iii) a unique element vJ,o, 
v > 0, lies on the orbit. This completes the catalogue of rank 2 orbits. In all cases the 
vanishing of C4 is obvious. 


The discussion of the rank 4 orbits brings in a group not encounted in the treat- 
ment so far. Ifa J(&) € SO (4,1) of rank 4 be given, there is just one vector which 
it leaves invariant, which is of type t,/ ors. Inthe/ ands cases, the problem reduces 
to the subgroup SO (4) or SO (3,1) respectively. However the t case involves an E(3) 
subgroup of SO (4,1), which is an inhomogeneous real orthogonal group. We dispose 
of the ¢ and s cases first, then take up the / case. 
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In case a rank 4 orbit in SO (4,1) is of type ¢, there definitely are elements on it 
which leave eg, and no other vector, invariant. Such elements belong to SO (4) generat- 
ing the SO (4) group acting on the “space” dimensions J, ..., 4; and within SO (4) they 
must be of rank 4. One can then check that out of them, a unique representative ele- 
ment uv J;. + u'J,3 with u > | u’ | > 0 can be picked and can serve as a representative 
element for the SO (4,1) orbit itself. At the representative point the only nonzero 
component of C4 is & = — uu’, so Cy is in the direction -- ey. If the rank 4 orbit is 
of type s, then e,, SO (4) and SO (4) are replaced by e4, SO (3,1) and SO (3,1) acting 
on 0, ..., 3 respectively. So elements wJi2 + vJo3 with u > 0, v 4 0 exist on the orbit. 
But since the freedom of rotations is the 3-4 plane in available in SO (4,1), we can find 
a unique point on the orbit by requiring both u > 0 and v > 0, Now, the only non- 
zero component of Cu is %, = uy, which confirms our expectations. 


The last case to be examined in SO (4,1) is a rank 4 orbit of type 1. By suitable 
SO (4,1) transformations, starting with any element on such an orbit, we can pass to 
those elements for which the (single) invariant vector is ¢9+e,. We must now determine 
the general form of such elements J (), using the property that the matrix (E45) is of 
rank 4 and annihilates only z4 = (1, 0, 0,0, 1). Among the equations Cas 22 = 0 
there are four independent ones : 


=O 
Fy = — Fy, J = 1, 2, 3. 2.623) 
So we can write 
J (&) = 4 548 Jas 
= 2b je Tye + bya Joy + Say). ...(3.24) 


Here, as in the treatment of SO (3) within SO (3,1), the indices j, k, ... range over 1,2, 
3. The generators J, P € SO (4,1) defined as 


J, = 4 ext Iki, 


obey the brackets relations of E (3), the Lie algebra of the Euclidean group in three 
dimensions : 


[Jj Jx] = € jkl JI 
[J;, Px) = «jx Pi, 
[P;, P,)] = 9. ...(3.26) 


This is expected, as the stability group of a light like vector in 1 + 4 space is Ex (3); 
Now we must search for the necessary and sufficient conditions on (4s) apart from 
(3.23) which ensure that ¢o + is the ‘only’ vector invariant under J (E). Let us write 
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the J (£) in eqn. (3.24) as 

JE) =e ar. 

b,=4 €jkl Eki, 


a, = E jo. Creat 
The condition that this (648) annihilate a general z4 is 

a,z= 0, 

BE, z+ (22— za = 0. seal 4.20) 
It is an easy consequence of these equations that 

Eaz= 0, 

E.a (2° — z*) = 0. a EPA 


Now from eqn. (3.28) we see that if either § or « were to vanish, the desired conclusion 
on z4, namely z = 0 and z® = z’, would not follow; hence we must insist that 
both & and « be nonzero. If &.« = 0, then from eqn. (3.29) we see that the desired con- 
clusion on 24 does follow. On the other hand, if &.n 4 0 with neither — nor & vanish- 
ing individually, we can find a solution to eqn. (3.28) setting z? = z‘ and z propor- 
tional to §. Therfore the necessary and sufficient condition we are seeking on J(E) € 
E (3) isE.a+ 0. 


We have in this way found the general form of elements on the given I-type orbit, 
where the invariant vector is e9 + e,. These elements can be denoted by pairs (&, a). 
Now we must exploit the adjoint action by E (3) totry and put such a pair into some 
simple and natural from. The adjoint action by the SO (3) part of E (3) is given by 


(6, a) > (RE, Ra), ...(3.30) 


where RESO (3). On the other hand the translation by an amount b acts in the adjoint 
representation in this way : 


~- 


(E,a) > (E,a+b A &). ...(3.31) 


Under these changes (3.30, 31), E. @ is invariant. Now given a pair (§, a) withE.a + 0, 
we can first use the freedom (3.30) to put © into the form 


a— (0,0,u),u > 0. (332) 


After this, the translational freedom (3.31) can be used to reduce the first two compo- 
nents of @ to zero: 


a — (0,0, ala +0. ...3.33) 


Having achieved this, we see that J (&) has been carried by adjoint action using E (3) 
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alone to the form 
J(&) > u Jin + x Ps 
= UuJi. + a@ (Jos + Jigs). bs(a084) 


At this point we have to ask if the further freedom of traasformation remaining in 
SO (4.1) after all of E (3) has been used up will help simplify the expression (3.34) still 


further. It turns out that this is possible: the generator Jp, € SO (4.1) has the effect of 
changing the scale of P;: 


[Jo1, J] a 0, 
[Jos, Pj] = — Py. sh3:35) 


Therefore by using finite transformations generated by Js, we can reduce the parameter 
“ in (3.44) toe = + 1, depending on the sign of §. « in the original pair (&, «). 


Thus we have succeeded in showing that on a rank 4 orbit in SO (4,1) of type 1, 
there is a unique representative element wJ,, + € (Jo; + Jaz) for some u > 0 and some 
e = + 1. Wecan then calculate the five-vector ¢4 at this representative point and find 
C4 = €(1, 0, 0, 0, 1), as expected. 


The complete table of results for SO (4,1) is: 
SO (4,1) orbit structure : 





Rank (&) Orbit Parameter Invariant Invariant Representative Invariant 
ranges @1 (8) €. (8) Point vectors 

2 Bt,, (tss; u) u>0 u? 0 uJ yo Co, C3 4 
2 8 4,, (Iss) - 0 0 Jiet+JSi0 Co tl2,€s C4 
2 %,,, (sss; ¥) v>0 —y 0 VJ 50 aay Pay 
4 O45, (tjuu’) uS> [u' | >0 w+u" —utu’? udu 4, e° 
4 8,,, (i, u,t) u>0;«= +1 u? 0 ud y+ €(Jos tJ s) Cy + ey 
4 P41 (sju,v) u>0; v>0 uz — v2 u?y" uJ i2+VJo5 es 


ee 


It is obvious from this table that the invariants Gi (&) and @2 (&) no longer suffice to 
fix the orbit to which J (£) belongs. 
4. Orpits IN THE LIE ALGEBRAS SO (n,2), 1 = 2 AND 3 
The two “de Sitter’ type groups SO (n,2) are the last ones we analyse in this 


paper. The relevant dimensions are numbered 0, 1, 2, 3, 5 with signature co a ai ee pa 
For SO (2,2) we have indices », y, ... and the dimension 3 is omitted. The generators 


Jay obey 
[Juv, Jeo] = Spe Jve — Sve Juco + Sue Jev — 8ve Jeu. (4.1) 
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For SO (3,2) we replace pvPo by ABCD going over the full range. For these two groups 
the antisymmetric symbols are normalised by 
€01235 = €0125 = ] fas(4.0) 


SO (2,2) 


Just as with SO (4) in Section 2 where the orbit classification was simplified be- 
cause of the local decomposition SO (4) = SO (3) @ SO (3), here we can use the local 
decomposition SO (2,2) = SO (2,1) @ SO (2,1) and the results pertaining to SO (2,1). 
However since SO (2,1) has a much richer orbit structure than SO (3), there being the 

various types tu, /e and sv, many more possibilities arise with SO (2,2) than arose with 
SO (4). More over we must remember that the ¢, / and s classification of orbits within 
each SO (2,1) factor in SO (2,2) has no such geometrical interpretation in four dimen- 
sions'®, 


Adapting eqns. (2.12, 14) to the present situation we define : 
Ja — 4 €abe * hoa Ka ad J 5a; 
M, = 3 (Ja + K;). Na = 3 (Ja a Ka); a, b= 0, $5 te ...(4.3) 


Then eqns. (4.1) can be expressed in two ways: 


[Te Jo) = [Ka, Ko] = es foe 
[Jay Ks] — eb Kes (a) 


[Ma, M,] => an M; [Na, No] => es Ne: 


[Ma, No] = 0. (b)...(4.4) 


These show the decomposition SO (2,2) = SO (2,1) @ SO (2,1). For the components 
&*y of a general element J (£) € SO (2,2) we define : 


Eo = — f eabe Fy, na = ESa; 

aa == Eo + 74, Be = Ee — ya. Ch) 
Then J (&) and the two algebraic invariants are : 

J (5) = 4 Ge Juy = &¢ Ja + 99 Ka = 0? Mg + 82 Na; 

@1 (5) = £ EY Evy = — FE — Yana = — } (a ae + Be By); 

Cr (E) = & € vee EY Eee = Eon, = 2 (a2 a, — B°Ba). .»-(4.6) 
The invariant @, (€) determines the rank of (Euy) since 


A (&) = det (Euv) = (Exa)* = (@, (E))*. -».(4.7) 
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Therefore @, (§) = 0 (4 0) corresponds to rank (E,4v) = 2 (4). 


The adjoint action of SO (2,2) on £*” amounts to the following: we subject «* and 
6% to independent SO (2,1) transformations as 3-vectors, corresponding to the two factors 
in the product SO (2,2) = SO (2,1) @ SO (2,1). Therefore each orbit in SO (2,2) is the 
Cartesian product of two SO (2,1) orbits, with «* lying on the first factor and 8° on the 
second. In looking for nontrivial SO (2,2) orbits, we can allow at most one factor 
in the product to be trivial. Thus to begin with, the distinct SO (2,2) orbits can be listed 
in this way: (0; tuz), (0; 7 €.), (O; sv2); (ti; 0),...(tu,3 SV); ..3(5¥,30)...,(5v1; Sve). Here u,, uv, 
# 0; €,,€. + + 1; 1, ¥. > 0; and there are fifteen combinations. On any one of these 
SO (2,2) orbits, a unique representative element is obtained as the sum of representa- 
tive elements from each factor. As examples we have: 


(tu); 0) > u, My = 4. u; (Jie + Joo); 
(/e;; Sv.) > €1 (My + M,) + v.Ne 


= 3 V2 (io — Ise.) + 44, Sto + Jie + Joo + J52). -»(4.8) 


In each case, the values of &.. at the representative element can be read off, and then 
G1 (€) and @, (&) for the entire orbit calculated. Towards classifying SO (2,2) orbits 
according to their ranks in the four-dimensional sense, we give in a table the value of 
4&4», = 4 @, (&) in each cartesian product. The rows (columns) are labelled by the 
first (second) factor in the product. 


Values of 4 @, (&): 


0 1, le, SVo 
0 - ue 0 te 
1 — uy us — uy — us —ui — Vv, 
[€; 0 u 0 —v, 
mv eo wow 


Since the total number of orbit types for SO (2,2) (and later also ae ou sae 
is quite large, we present the pattern of rank 2 orbits separately from that o 


orbits. Asa first step we read off from the above table all those cases when @2 (5) 


= 0, corresponding to J (&) being of rank 2, and also in each case write down a repre- 


> 


terms of Ma and Na are omitted): 
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(tu; tu,) > uy, Sry (i) 
(Jey; le,) > €, (Jjo + S12) (ii) 
(sv,; 5V,) > ¥; Jig (iii) 
(le,; 0) > £61 Sio + Jig + Js0 + Joo) (iv) 
(0; le.) > 3 €. (Sig + Jy2 — Jeo — Js) (v) 
(le); 1, — €) > € (Vso + Joa) (vi) 
(t,; t, — u,) > 1 Joo. (vii) (4.9) 


The reason for listing these seven cases in this particular order will become clear soon. 
Now in each of these cases we know, since @> (€) = 0, that there are two independent 
(mutually orthogonal) vectors in four dimensions which are annihilated by the matrix 
(Euy) at the representative point. These pairs of vectors are easily calculated and for 
the seven situations listed in (4.9) they are, in the same order: é , €;; €y) + 2, €53 25 €53 
Co + es, + 5; €o + &o, C1—e5; Cp +s, €1; €), Cn. We See that in case (i) the representa- 
tive generator J (&) leaves invariant two (mutually orthogonal) unit time like vectors, 
so it is a realisation of the possibility tt for the invariant vectors ‘in the four-dimen- 
sional sense’, i. e. in the 0125 space on which SO (2,2) acts. Similarly case (ii) corres- 
ponds to the configuration #/; and the remaining ones to ts, //, //, 1s and ss in that order. 
(Now we see that the sequence in (4.9) corresponds to dictionary order in the symbols 
t, 1, s interpreted in the four dimensional sense). The appearance of two inequivalent 
iI configurations, namely ey + e., e, +e, and ey + €:, €:— @, is to be noted: they cannot 
be transformed into one another by any SO (2,2) transformation*?, In all the other 
cases, namely #t, r/, 1s, Is and ss, any configuration of the concerned type can be trans- 
formed via SO (2,2) into the given configuration. The complete list of rank 2 orbits in 
SO (2,2) can now be tabulated. We drop the subscripts 1,2 on the parameters in (4.9), 
and in cases (iv) and (v) we use the scaling freedom provided by the generators M, and 
N, respectively to replace } € by «. Thus we arrive at the following table, where in the 
first column the case number taken from (4.9) is given : 


Rank 2 orbit structure in SO (2,2): @, (£) = 0: 


Case Orbit Parameter Invariant Representative Invariant 
In(4.9) ranges @1 (8) Point vectors 
(i) B.5 (tt; u) ux40 u* uss C0525 
(ii) Bo. (tl; €) e= +1 0 € (Jig + Jy) Cote, es 
(iii) Bo.2 (ts; v) v>0 — y2 whe és, &5 


(table continued on p. 113) 
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sess: 


Case Orbit Parameter [nvariant Representative Invariant 
ranges G1 (8) Point vectors 
(iv) B.,9 (I; €) ex + | 0 €(J 0+ Siot+JTs9 + J50) Co + €s,€, +e; 
(v) 8), (ke) e=-+ 1 0 €(J 9 +S 12 —J59—JS 52) Co + e,,€,;— 5 
(vi) Pay (/s;«) e=+1 0 € (59 +J50) Cot o,€, 
(vii)  B,5 (ss; u) u5e0 uc uJ 56 1, ey. 


One can see already at the level of rank 2 orbits the extent to which the values of the 
algebraic invariants @, (€)and (, (&) fail to fix the orbit to which J (&) belongs. If one 
also compares the patterns of rank 2 orbits in SO (4), SO (3,1) and SO (2,2) with one 
another, all of the corresponding groups being defined on a four-dimensional space, one 
can see a gradual increase in complexity as the metric changes from Euclidean to 
Lorentzian to de Sitter. 


When we turn next to cataloguing the rank 4 orbits in SO (2,2) their variety is 
again vastly greater than with either SO(4) or SO (3,1). Recall that in the latter cases, 
these orbits can be compactly denoted as #, (u, u’), 3,1 (u, v) respectively, with unifor- 
mly valid expressions for the invariants and representative elements. With SO(2,2) the 
situation will turn out to be very different. One of the aspeets requiring specific atten- 
tion will be that of finding suitable symbols for the various distinct families of orbit 
since the labels #,/,s are no longer available, there being no nullvectors fora (E.) of 
rank 4. 


Going through the table of values of 4@, (§) row by row, we find in the first in- 
stance twelve types of SO (2,2) orbits over which @2 (&) does not vanish. As in (4.9), 
we list these cases now, in the sequence in which they occur in the @; (E) table, giving 
in each case the corresponding representative element as a liaear combination of J,.: 


(0: tu,) + 4 uy (Jie — Jeo) (i) 
(0; sv.) > $ ¥2 (Jio — Js2) (ii) 
(tu,; 0) + 4 1 (Jig + Joo) (iii) 
(tu): t.), uy A & uy, > A (ur + uy) Jig + k (uy — to) J50 (iv) 
(tu,; leg) > 41 Wig + Iso) + $2 Siotde — J50—J52) (v) 
(11; sv) > 4 1 Sig + Joo) + 3 %2 Vio — Joo — J52) (vi) 
(le;; tu,) > $ Uy (Jio — Js2) they Sie t diz +J5o+ Js) (vii) 


(le; $0) > 4%, JSio—J2) + 28 (Jot J1o+Is0+Js2) (viii) 


114 N. MUKUADA ET AL. 
(sv,; 0) > 41 Jip + Jo0) (ix) 
(sv; tu.) > 4, (J;o + J52) + 4 Us Wi. — Joo) (x) 
(sv, ;leo) > 4.9, (Ayo + J5o) + 4 €2 (Sion +Ji2— J50 — Jax) (Xi) 


(sv,: SVs), Vy FE Vo > 4 (v1 + v2) Jig + $ (V1 — V2) Joo. (xii) .-(4.10) 


(We remind ourselves that every u; ~ 0, every »; > 0 and every «, = + 1). Naturally 
none of these representative elements has any invariant vector. Now our task is to com- 
bine sets of these families of orbits judiciously to form larger coherent families, based 
on the forms of the representative elements. One can see for example that the repre- 
sentative elements in cases (i), (iii) and (iv) combine neatly into the two-parameter 
family u/1,+-u'Js9 subject to the restrictions u, u' 0; here we have identified 4 (u,;+u,) 
with wu, u’ respectively. Let us call this family of orbits as famiiy A, so an individual 
member of it is written #,,, (A; u, u’). Similarly, cases (ii), (ix) and (xii) in (4.10) have 
representative elements combining neatly into the expression vJ,, + v'J5. subject to 
v> |v’ | > 0. These restrictions on v,v’ result from identifying them with 3(v,--v,) res- 
pectively. This family of orbits will be labelled by the letter B, leading to #,,, (B; v, v’). 
Thus six of the twelve cases listed in (4.10) are taken care of, leaving six more to be 
handled, namely (v), (vi), (vii), (viii), (x) and (xi). 


Now these six cases split naturally into three pairs: (v) and (vii), (vi) and (x), (viii) 
and (xi). Within each pair, the relationship is that the representative elements get in- 
terchanged by the reversal of the sign of the dimension 5 (and accompanying relabelling 
of parameters). This discrete operation is an outer automorphism on SO (2,2), not an 
element in the identity component of SO (2,2) and it amounts to interchanging the 
SO (2,1) factors in the (local) product SO (2,2) > SO (2,1) @ SO (2,1). Thus within 
SO (2,2), it is the interchange Ma — No. Taking up fiirst the pair (vi), (x) in (4.10): 
we replace u,,, > 2u, v,,. > 2v, and introduce a sign parameter «’ = + 1 to distinguish 
Cases (vi) and (x) respectively. Thus we get a combined expression u (J,, + €'J59) + 
(Jio — €’Js) for the representative element on an orbit of-family C, with the parameter 
conditions uv + 0,» > 0, e’ = + |. For the pair (v), (vii): we use the scaling freedom 
via transformations generated by M,, N; to alter 4 €,,. to €1,.; then with the changes 
£102 > €, Uj. > 2u, and introduction of e’ = + | to distinguish between cases (v) and 
(vii), we get the representative element U(Jy2 + €’ Jso) + € (Jig + Jig — €' Jsg — €’ Jeo) 
on an orbit of family D, subject to u 0O,<e,e. = +1. For the last pair (viii), (xi) 
in (4.10): by simillar Steps we get an element v (J,, — e’ Joo) + € (Jig + Jig +e’ J 
f\€Jes)¥ > ea ae + I, representing an orbit in the family E. 


By this reorganisation of the entries in (4.10), the rank 4 orbits in SO (2,2) fall 


into five major families. Calculation of @, (&), @z (8) in each case is straightforward, 
and the final results are presented in the table on p 115. 
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The complete picture of all SO (2,2) orbits is obtained by combining the two 
tables refering to rank 2 and rank 4 orbits respectively. It may be useful to mention 
here that in any practical application of these results, the identification of the orbit to 
which a given J (&) € SO (2,2) belongs is best done by splitting it into its Ma and Na 
components, checking with the cases in (4.9) or (4.10) as appropriate, and then assingn- 
ing it to the correct @,,, (...). The algebraic invariants @, (&), ©’ () do not by them- 
selves determine the orbit. 


SO (3,2) 


For this group all of eqns. (3.21) giving expressions for / (&), @, (&) 4 and @,(é) 
in the case of SO (4.1) can be taken over as they stand, with the understanding that A, 
B, ... now go aver 0 | 2 35 with signature — + ++ —. Moreover eqn. (3.22) also re- 
mains valid. The rank of (€ 48) is either 2 or 4, leading to the existence of 3 or 1 
independent invariant vectors. The former corresponds to rank 2 orbits which we 
take up first. 


As with SO (4,1), we first list all ten conceivable configurations of three (mutually 
orthogonal) invariant vectors in dictionary order: tft, tt], tts; tll, tls; tss; Ill, lls; Iss; sss. 
While with the signature of a 4 + | space only three of these actually exist, in a 3 + 2 
space six configurations survive and these are: (ts, tls, tss; Ils, Iss, sss. These have been 
split into two sets of three configurations each because, as we shall soon see, the first 
set can be handled at the SO (2,1) level, while the second set in reducible to a problem 
within SO (2,2). 


Let J (€) € SO (3,2) be of rank 2, and let the null vectors of (& 4) be invariantly 
characterised as being of one of the types /ts, t/s or tss. In every case we have one time 
like and one space like vector, mutually orthogonnl and normalised, included in the 
triad. One can therefore always pass via suitable SO(3,2) transformations to element(s) 
on the orbit of J (§) which leave es; and e, invariant. Such element(s) then belong to 
the SO (2,1) algebra associated with the dimensions 0, 1, 2. The further separation 
into three mutually exclusive possibilities corresponds to whether the third invariant 
vector is of type t, / or sin the 0 | 2 subspace. Therefore the orbit of J (&) definitely 
contains element(s) of one of the following three types: uJ,. with uv 0 ore (Jy, + Jy) 
withe = + 1 or vi, withy > 0. Inthe first two cases, the sign of wore can be 
arranged to be positive, if necessary by making a suitable rotation in the 1-3 plane. 


This settles the quesition of finding suitable representative elements for rank 2 orbits of 
types tts, tls and tss. 


Turning to the three remaining rank 2 orbits of types /l/s, /ss and sss, we see that 
in every case there is at least one unit space like vector in the invariant triad. On all 
such orbits there are then elements which leave €3 and two other vectors invariant. 
Such elements therefore lie in SO (2,2) associated with the dimensions 0 1 2 5, which 
has been analysed earlier in this Section; further they are of rank 2 within this SO(2,2). 
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The classification of such SO (2,2) orbits shows that with the help of SO (2,2) trans- 
formations we can pass to elements which, in addition to es, leave invariant one of the 


following four pairs of vectors, depending on the invariant configuration associated 
with J (&): 


Ils > €y + ee, + es or ey + e,, Feet 2 
Iss — €9 + @, @,; 
SSS —> €), €o. .. (4.11) 


However, while the two possible pairs associated with //s are inequivalent at the SO(2,2) 
level, they are transformable into one another by a suitable 1-3 rotation within SO(3,2). 
Therefore, depending on whether the orbit of J (&) is of type //s, Iss, or sss, there is a 
‘unique’ element on it leaving e, + e,, e; + e;, €3, OF €y + €y, €1, €3 OF €j, Cs, @3 Te- 
spectively invariant; and the form of this element can be taken from the table of 
rank 2 orbits in SO (2,2), namely case (iv), (vi) or (vii) respectively in that table. Now 
this table shows that in cases (iv) and (vi) there is a parameter « which can take values 
+ |, and these are distinct possibilities within SO (2,2). Similarly in case (vii) of that 
table the parameter u can be positive or negative. One must naturally examine whether, 
in view of the greater freedom of transformation available in SO (3,2), the parameter 
« could be restricted to + 1, and uto positive values alone. This however cannot be 
achieved, since it requires (among other things) swiching the sign of J5o. 


Taking into account the results of the two preceding paragraphs, we can construct 
a catalogue of all the rank 2 orbits in SO (3,2). Itis easily seen that on all such orbits, 
C4 = 0 identically, so @, (€) = 0 as well. These facts are explicity indicated in the 


following tables : 


Rank 2 orbit structure in SO (3,2): C4 = G2 (&) = 0: 





Orbit Parameter invariant Representative Invariant 
range @1(68) point vectors 

03,0 (tts; u) u> 0 u* uJ jo Co, 3, C5 
83,5 (tls) aoe 0 Jio t+ Jiz Cy TH Cy, C3, Cs 
B30 (t55; V) v>0 =v. Who C25 €3, C5 
#3,, (IIs; €) e=+1 0 E(Jio + Ji2 + Js0 + J52) eo + e2,€1 +65 ,€3 
83,0 (Iss; €) e=+4+1 0 € (Jeo + Jose) Co t+ e2, C1, es 
83.5 (SSS; U) u #~ 0 u? us 50 €1, C2, €3 


LLL ———ee 


Let us now turn to our last topic, the analysis of orbits of rank 4 in SO (3,2). Fol- 
lowing what is by now a familiar pattern, these orbits inevery case can be related to 
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some suitable six-dimensional subalgebra in SO (3,2). As we would expect, it will happen 
that for any rank 4 J (£)E SO (3,2), C, is nonvanishing and is the sole nullvector of (E48). 
The possible orbits therefore split initially into three types, corresponding tol, ye 
of typet,/ors. Wecan pass via suitable SO (3,2) transformations to elements on the 
orbit of J (£) for which the invariant vector C4 is proportional to e;, e; + és or ea respe- 
ctively. Such elements must then belong to the SO (3,1) subalgebra associated with the 
dimensions 0 } 2 3, an E (2,1) subalgebra (as we shall see), or the SO (2,2) subalgebra 
associated with the dimensions 0 1 2 5. In all cases, we have to deal with rank 4 elements 
in these subalgebras. Except for the E (2,1) case, then, we can draw on previously 
derived results. 


The case when ©, is of type ¢ is easiest to handle. Then, among the elements on 
the orbit of J (€) which leave e; invariant are some of the form uJ,, + vJgs3 for some 
u >0,v 40. This much follows from the nature of rank 4 orbits in SO (3,1). But 
going beyond this, the freedom to perform rotations in the 0-5 plane shows that we can 
arrange for v also to be positive. The result is that on any rank 4 orbit in SO (3,2) of - 
type ?, there isa unique element wJ,, + vJy3 with both u, v > 0. 


Next we consider the case when ©, is of type /, and ask for the most general J (&) 
for which the only invariant vector is es; + es. Thus (€48) must annihilate only z4 = (0, 
0,0, 1, 1). The equations & ,2 z8 = 0 give the following conditions: 


Ess = 0, 


fe 
“= 0 


(f= Eas: a= 0, l, 2: ...(4.12) 


This allows Eas and Ea; to be independent. Using a notation patterned after that of 
section 3 in dealing with E (3), we write J (E) as 


J(é) es a Ja + a4 Pa, 
Ja = 1 €abe Joc, 
Pa = Jas + Jas, 


Go = — fetde B., aa = Ea. 


...(4.13) 


The latin indices here and handled exactly as in the treatment of SO (2,1) in section 3. 
Ja and P, span an E (2,1) sub-algebra within SO (3,2), i.e. a Poincaré algebra ina 


2 + 1 space, which is the stability group of a light like vector in de Sitter space 


(Ja, Jo] = ee Je, 


[Ja, Pp) m= , Pe, 


[Pa, Po] = 0. (4.14) 
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Now we seek necessary and sufficient conditions on &°, «” to ensure that e3 + e; is the 
only null vector for (£4). The condition that (£4) annihilate a general 24 is: 


a? Za = 0, 

€abc &° 2° — ag (z? — 25) = 0. atastS) 
A consequence of these equations is the pair 

a” Faz = 0, 

a? &, (z® — z5) = 0. ... (4.16) 


If «* &, ~ 0, that is sufficient to lead to the desired results on 24, namely, z7 = 0 and 
z* = 2°, The necessity of this condition is also eassy to prove. Therefore, ona given 
rank 4 orbit in SO (3,2) of type /. those elements J (€) for which the invariant vector 
is €3 + es are of the form (4.13) with nonvanishing «* €4, and therefore also with non- 
vanishing «* and &°. 


In finding a natural representative element on such an orbit, we first use the E(2,1) 
adjoint action to simplify the pair (&*, «”) as much as possible, then search for further 
simplification using elements of SO (3,2) outside E (2,1). The adjoint actions by the 
homogeneous SO (2,1) part of E (2,1) and by the translations in E (2,1) are: 


(E", ac) > (AS &, A, ), 
A € SO (2,1); (a) 
(E7,07) > (E%, a2 + €) AES), (b)...(4.17) 


The freedom of transformation (4.17a) allows us to put & into one of several distinct 
forms; this is then followed by the use of (4.17b) to simplify «*. Of course, a” &. re- 
mains invariant. It is then seen that the pair (€*, «°) can be carried by suitable E(2,1) 
transformations to one of the following mutually exclusive configurations 


Ea, aa > (u, 0,9), (a, 0,0), u 4 0, « FO; 
—> (6, 0, €), («, 0, —'t)s e=+ 1, a #0; 
> (0,0, v), (0,0, a), v > O,a A 0. (4.18) 


Now what remains is the action by elements of SO (3,2) outside of E (2,1). Here one can 
convince oneself that only transformations of consequence are those generated by Js;, 
and these help to normalise « in any one of the cases (4.18) toe’ = + I: 


[Jss, Ja] = 9, 
.00(4.19 
[Jss, Pa) = Pa. ( ) 


The final result is that on a rank 4 orbit in SO (3,2) of type /, there is a unique repre- 
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sentative element of the following mutually exclusive forms : 
uly + e’Py = u Jig +.’ (Jog + Jos), u 40,0’ = +1; 
€ (J) + Jo) + €' (Po — Po) = € (Ji2 + Jig) + e’ (Jos + Jos — Jo3 — Jos), 


e=+leé’=+1]; 
vd oh € P, = vio aa €| (Jes + | Fy v - 0, €’ = + K .- (4.20) 


The third and last case of a rank 4 orbit in SO (3,2) is when ¢4 is of type s. If on such 
an orbit J (€) is a point where the invariant vector is es, then / (£)€ SO (2,2) associated 
with the dimensions 0 1 2 5. From the table of representative elements on rank 4 orbits 
in SO (2,2) we know that by SO (2,2) transformations J (&) can be brought to one of 
the following standard froms labelled as in the table : 


A: uso + u'Js, u 0, u' 40; 
Bi vig + V'Jsn, v = |v’ | > 0; 
C, e's u Siz + €’Sgo) + ¥ (Jo — €'J52), u 0, v>0, €’ = +41: 
Dye’ su (Sy. + €' Iso) + € (Jo + Jin — €' Js0 — €'Jse), 

uA~0,e= + le’ = + }]: 


E, ec (16 seek i”) 2) +« io 7 Jie 1 € J5o 5 i é’ J 52), 
v0) een | Fe etl ...(4.21) 
Now these various possibilities, inequivalent within SO (2,2), can to some extent be 
related to one another by suitable SO (3,2) transformations. Thus a rotation of amount 
min the 2-3 plane carries: u, uv’ under 4 to — u,u';v, v's; under B to vy; —v': u,v, e’ 
under C to — u,v, — «', — e: anda rotation of amount 7 in the 1-3 plane carries 
e',u,€ under D to —¢’, — u, —e¢. In these four cases, then, we can restrict the 
ranges of the parameters when finding unique representative points on the concerned 
SO (3,2) orbits : under 4, vu > 0 and u’ ~ 0; under B, v > v’ > 0; under Cie’ = +1 
and u + 0, v > 0; under D, e’ = + | andy ~~ 0,« = + 1. The type E in (4.21) does 
not, however admit such a reduction or havling of distinct possibilities. All we may 
do to reduce the number of labels is to restrict e’ to the value + 1 but allowvto be 
nonzero positive or negative. This can be seen by tracing the effect of a rotation of 

amount 7 in the 1—3 plane onthe generator in the last line of (4.21). 
No simplifications beyond those described 


above are possible by considering 
elements in SO (3,2) outside SO (2,2). 


Collecting all the results pertainin 


g to the three categories 1, /, s of rank 4 orbits 
in SO (3,2) the complete listing of possi 


bilities can be drawn up as on p 121. 


The only point of notation here requiring explanation pertains to the second, third 


and fourth entries. While the first letter / within 3,. (...) refers to the nature of C4, 


the second letter r, J or s refers to the nature of the 3-vector £# in the pair (E*, a") des- 
cribing an element in the subalgebra E (2,1). 
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5. CONCLUDING REMARKS 


In the preceding Sections we have exhausitively classified all the orbits under the 
adjoint action in each of the Lie algebras SO (p, q) for p + q < S. Particular care 
has been taken, in view of the complexity of some of the results, to develop a suggestive 
and systematric notation. For each orbit, we have calculated the values of the algebraic 
invariants, displayed a representative element, and described the geometric nature of 
the latter by listing a complete set of independent vectors invariant under it. 


By definition, every orbit in any of the Lie algebras admits a transitive action by 
the corresponding group G. Therefore it is a realisation of a certain coset space G/H, 
where H is the subgroups of G leaving invariant the representative point on the orbit. 
In the case of SO (3), as is well known this can be expressed by 


83 (u) = SO (3)/SO (2). TABS 


In the SO (2,1) each orbit #,,, (¢; u) is a model for SO (2,1)/SO (2); each #,,, (5; v) re- 
alises SO (2,1)/SO (1,1); and the two orbits %,,, (J; e) are realisations of SO (2,\)/H 
where H is a “‘parabolic’’ subgroup generated by J/,, + J». The situation with SO (3,1) 
is actually Simpler than with SO (2,1). Here, each of the orbits #3,, (ts; u), Bs,, (ss; v), 
93,1 (u, v) is a realisation of one and the same coset space SO (3,1)/SO (2) x SO (1,1) 
where SO (2) is generated by /,, and SO (1,1) by Jos. The single and somewhat excep- 
tional orbit #3,, (/s) is the coset space SO (3,1)/N where is a two-parameter abelian 
group generated by J; — K, and J; + K;. For the orbits in the other Lie algebras a 
similar through sometimes tedious analysis can be carried out by finding the stability 
group of the representative element in each case. 


Wtih the general representation @ ~ G/H, the dimension of an orbit ® is that of 
G minus that of H. It is a general result that dim. @ is always even. For both SO (3) 
and SO (2,1) it is geometrically clear that each nontrivial orbit is two-dimensional. 
For SO (3,1) all orbits are of dimension four, but the situation is more complicated for 
both SO (4) and SO (2,2), and also for SO (5). The rank 2 orbits 8; (u) in SO (5) are 
six dimensional, since the stability group of the representative element uJ,._ is easily 
seen to be the four-parameter group SO(2) x SO (3) generated by Ji. , Jag, Jys, Bp, 
The “generic” rank 4 orbits @, (uv, u’) C SO (5) foru > u’ > Oare eight dimensional 
(H generated by J,, and J,,4), but if vu = wu’ the dimension drops to six (H now generated 
by Jin + Sua, Jie — Jaa, Jos — Ja), J3, —J4). For SO (4) as well as for SO(2,2), ‘‘most’’ 
orbits are four-dimenssonal, but there are some two-dimensional ones as well, in case 
in the cartesian product representation of an orbit one factor is trivial. Thus for exam- 
ple in the case of SO (4) family of orbits #, (u, u’), the orbit dimension is a disconti- 
nuous function of the parameters u, u’, Since dim #, (u, u') = 4 if y > | uw’ | and dim. 
O, (u, u’) = 2 ifu = | u’| . A similar situation occurs in SO (5) too. 


We must note another source of discontin uity in some families of orbits as we have 
listed them. Thus while the Presence of labelling parameters «, e’ = + 1 automati- 
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cally means that the family of orbits concerned consists of several disjoint pieces, if a 
parameter u or ¥ is only restricted to be nonzero that too results in there being several 


disjoint components in the family. It would have made our tables inordinatelv lengthy 
if we had insisted that each listed family of orbits form a connected set. 


The availability of the vector C4 in the five-dimensional groups SO (5), SO (4,1) 
and SO (3,2) is fortunate since it immediately determines whether rank J (&) is 2 or 4. 
In fact the squares of the various components ¢4 are simply the determinants of the 
various principal 4 x 4 submatrices within the 5 x 5 matrix (24g), so a vanishing (non- 
vanishing) ¢4 must imply rank (£42) is 2 (respectively 4). Further for these five-dimen- 
sional groups any orbit in the Lie algebra can be studied in the context of some suitable 
subalgebra since there is always at least one invariant vector. This kind of simplification 
does not always occur with SO (4) and $O(3,1). 


We conclude by remarking that the complete set of results obtained for the largest 
group we have analysed, and indeed the most intricate one, namely SO (3,2), has been 
used to the fullest extent in a study of a special class of optical fields!°. We refer here 
to the action of general first order optical systems on the so-called Gaussian Schell- 
model beams, in which context the two-fold covering group Sp (4,R) of SO (3,2) plays 
a primary role. We refer the reader to the appropriate reference for details’®. It is quite 
likely that the treatment of squeezed coherent states'-!°** two-photon coherent 
state'®"!8, and generally the discussion of processes involving two modes of the photon 
field will be clarified as a result of our analysis. 


The interested reader will find much relevant material on orbits in Sitaram and 
Tripathy**, Auslander and Kostant*® and Kirillor*®. 
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